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Preface

This book is based on a course intended to quickly teach the basics of
derivative mathematics to skilled software designers with no knowledge of
financial derivatives. I created these notes for my firm—while still a small
startup trading-analytics software company—Real Time Risk Systems LLC.
We started the business to build a flexible, fast, real-time pricing-and-risk
software application for large derivatives trading operations that deal in
a variety of products. A significant design feature of the application was
to allow complicated models of derivatives to be “plugged-in” without
necessarily writing these models into the initial software package.

In the course of developing and using the course from which this book
is derived, it became apparent to me that it would be useful to other
industry practitioners for a similar purpose: the education and training
of programmers (and even trainee quantitative analysts). The professional
programmers, of course, have no need of becoming professional “quants.”
They do, however, need a basic and broad level of understanding of the
mathematical formalism of derivatives as quickly as possible. They also
need to cover a broad spectrum of material in enough detail to offer a solid
grounding and without a lot of mathematical rigor.

I wanted students who took my course—and those who now read this
book—to have the ability to talk sensibly to a quantitative analyst and
to understand what quants have to say as well. This book is therefore
economically designed for the ground it covers in order to save time and
focus on the essentials—and without requiring graduate-level mathematics.
It is not a rigorous academic text. Nevertheless, all the basics are available,
condensed, and in one place. I view this book as more of an engineering
textbook than a thorough mathematics treatise.
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Introduction to the Techniques of
Derivative Modeling

1.1. INTRODUCTION

“How do I model derivatives?”

For the desk quantitative analyst (‘“‘desk-quant”), the quantitative-
programmer, the quantitative-trader or risk analyst—at a firm actively
trading, risk managing, or even auditing books of derivatives—who needs
to know the basic answer to this question, it is contained in a toolkit of
well-established mathematical models and techniques. These professionals
might be prepared to forgo mathematical rigor and the security against
subtle errors that a thorough foundation could perhaps provide. They might
be prepared to take a few shortcuts to get at these techniques relying
on another team member or risk-group reviewer who has the thorough
mathematical background to provide a safety net against subtle errors and
misunderstandings. But the desk quant, the programmer, and the trader do
not have to forgo everything. This book is aimed at such readers who want
a good quick grasp of these techniques.

This first chapter reviews in coarse outline the two most typical tech-
niques for theoretically modeling and pricing derivatives and takes the
first motivational step of mentioning the model of the process for stock
that underpins the first technique and the simplest implementations of
the second. The remainder of the book will take the reader through the
mathematical tools that underpin these two and many other techniques.

1.2. MODELS

1.2.1. What Is a Derivative?

The archetypal example of a derivative is a stock option. An equity call
option is a financial contract. It is often an exchange traded security much
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like the stock itself. It is the right, but not the obligation, to buy one share of
stock on a given date called the expiration date and at a price, the so-called
strike price, contractually determined on the trade date. A put option is the
right, but not the obligation, to sell at a preset strike. The action of buying
or selling stock under the terms of a put or call option is called exercise.
American-style options are exercisable on any day up to their expiration
date—and European options are exercisable only on the expiration date.

Figure 1.1 shows the value of a call option on the expiration date, the
intrinsic value, as a function of the market price of the stock (which we
obviously don’t know before expiration). Clearly, if the stock is trading
above the strike, we can make a profit by exercising the option, that is,
buying the stock for the strike price and then selling it in the marketplace
for a profit of the difference between the two. If the stock price is below
the strike on expiration date, the option is worthless. This graph of intrinsic
value is obviously the fair price for the option at the moment of expiration.
The fair price is generally different at all times previous to this. For example,
it will have a small but nonzero fair value below strike at all times previous
to expiration, representing the real, albeit small probability that the stock
might end up above the strike at expiration.

Generally, a financial derivative or, better, a contingent claim is a loosely
defined term meaning a security whose price is dependent on the price of
another security that itself is called the derivative’s underlying security.
There may be more than one underlying. In the general case of an option,
because there is some kind of choice involved, we can generally say that
there clearly must be at least two underlying securities.

Option
Price

»

7 8 9 10 11 12 13 Stock Price

FIGURE1.1 The value of a call option struck at 10 on maturity date as a function
of the underlying stock price at maturity.
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NOTE ON DERIVATIVE

The reader should beware of confusing the unrelated concept from
mathematics, the derivative of a function, which means the rate
of change of the given function with respect to one of its variables.
Derivative in this mathematical sense can naturally arise in a discussion
of financial derivatives, possibly even, and most confusingly, in the
same sentence!

1.2.2. What Is a Model?

The typical mathematical pricing formula for options is the Black-Scholes
formula (Figure 1.2). It outputs the theoretical fair price that a European
option on a dividendless stock should trade for given the following set
of inputs: call or put; current stock price; option strike price; time to
expiration; average future stock volatility (for example, standard deviation
of daily stock returns) from today to expiration, and current market value
of the “riskless” interest rate from today to maturity (as determined by
prices of treasury bonds or maybe interest rate swaps offered by big banks).

Deriving this formula requires a set of assumptions that are very
important to bear in mind when using the formula. They are discussed in
detail throughout this book. Essentially these assumptions are the model.

Option
Price

»

7 8 9 10 11 12 13 Stock Price

FIGURE1.2 The value of a call option struck at 10 before maturity date as a
function of the underlying stock price today.
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Different sets of assumptions are different models. The model that underpins
the Black-Scholes formula includes the following assumptions:

e Stock price changes are statistical (or stochastic), meaning the changes
are random but they have a well-defined distribution of values.

e Stock price changes are continuous. The shorter the time over which
you measure the average variation of size of changes, the smaller the
average.

e The distribution of stock price changes is only a function of today’s stock
price and other values that are determined today and these changes have
no dependence on the history of the stock or any other variables (models
with this property are referred to as Markovian models)

e Stock price returns (i.e., changes expressed as percentages) have a normal
(i.e., Gaussian) or bell-curve distribution around a mean that is the stock
percentage growth rate.

1.2.3. Two Initial Methods for Modeling Derivatives

Many options and financial optionality can be approximately, quantita-
tively, and certainly qualitatively understood using simple modifications of
the Black-Scholes formula. If this technique is lacking, the general machinery
used to derive the formula provides a framework for more complex and
thus more realistic analysis.

This means that an initial understanding of stock options and the
Black-Scholes formula immediately opens up the world of derivatives and
not just stock options themselves. The severe restriction is that the modeler
can only study options under the assumption that the underlying security
price has (continuous Markovian) normally distributed returns. Further
study, leading to an understanding of the derivation of the Black-Scholes
formula, opens that world far wider to practitioners, allowing them outside
of the assumptions of a lognormal distribution of security changes to other
perhaps more realistic distributions.

Mastering these two tools gives practitioners a strong suite of skills to
analyze the trading and risks of derivatives. The derivatives accessible with
the study of stock options include, among many others:

e Bond options and interest rate options such as swaptions
e Callable and putable bonds
o Credit default swaps (also called credit-default put options)

Indeed, any financial contract with an embedded clause that the issuer,
or holder has the right but not the obligation to exercise can poten-
tially be analyzed to some degree, even if only qualitatively, using one of
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the two methods mentioned: (1) the Black-Scholes formula with modifica-
tions or (2) the more general ideas behind the derivation of Black-Scholes
formula.

1.2.4. Price Processes

The central idea behind the financial models that price stock options is
the future distribution of stock prices. Furthermore, a random walk has
characteristics similar to a stock or bond price path and has a future
distribution of path end points. The walk may tend in a general direction, a
nonstochastic drift, such as making a general observation that “on average”
prices increase by $1 every year or each stock makes a $1/365 step up per
day. But the walk also includes a stochastic component, referring to the
fact that any particular price path has an additional random step either up
or down.

There are many possible choices for this distribution of price changes
and empirical data from the markets can often be inconclusive (principally
because it seems the real world process itself is not stationary). More
confusingly, the mathematical form of this distribution might look very
different on different time scales. However, the normal distribution is a
very useful tool for first approximation because it turns out that if the
distribution of one-day price changes (i.e., steps) is normally distributed
and has a standard deviation of, say, 5¢ with a mean of 0.27¢, then the
distribution of annual changes (after many daily steps are added up) is also a
normal distribution just with different mean and standard deviation. In fact,
the normal distribution of annual price changes has a standard deviation
of $0.05 x /365 ~ $1 and a mean of $0.0027 x 365 ~ $1. The square
root appeared because for normal distributions, the variance, the square of
the standard deviation, grows linearly with time rather than the standard
deviation itself.

This is an example of a model for the price process that starts at today’s
stock price; drifts by an average of $1 every year (and thus 0.27¢ every
day); and has a standard deviation of annual changes of $1 (equivalent to a
standard deviation of daily changes of 5¢).

A normal distribution of stock price changes with a drift could be
used to find derivative prices with qualitatively correct features. The serious
drawback, however, is that no matter where the stock starts, future stock
prices have a potentially very large probability of being negative. This is
a bad feature and will ruin even some qualitative observations, let alone
quantitative ones. We need to refine this model slightly to get the simplest
qualitatively correct model and hence make it (possibly) useful quantitatively
even if only approximately.
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1.2.5. The Archetypal Security Process: Normal Returns

This problem—of the normal distribution of future stock prices giving a
probability for negative prices in the future—is easily corrected by modeling
the price process with a normal distribution of returns on stock rather than
the stock price changes. This is because allowing all possible percentage
changes never results in negative stock prices if the path starts at a positive
stock price. Equivalently, we may say that the natural log of stock prices is
the normally distributed state variable over which the random walk occurs.
This is a simple variable change and results in a much more compelling
model qualitatively.

A normal distribution for changes of the natural log of stock price is
equivalently described as a lognormal distribution of stock price changes
(note this is a definition).

So one of the simplest models of the stock price process is given by
a process in which the natural log of stock prices follows a random path,
whose expected mean (S), grows with time (i.e., drifts) according to

(8) = So exp(u(t — o)),

where the path begins at stock price Sy, at time #,, and grows exponentially
with time ¢ according to some constant u.

The path’s size of statistical fluctuations is measured approximately
by the standard deviation of the stock price percentage returns or, more
accurately, by the standard deviation of the changes of the natural log
of stock prices. This calculated result for an actual stock (or indeed any
security) price history is common in derivatives finance and is called the
historical volatility of the security.

5 [n(2)-men ()]

N-1

Historical Volatility =

Note that In(x) denotes the natural log of x, meaning that if y = In(x)
then x = ¢”.

To bring the model we are constructing into contact with reality,
imagine looking at a stock price that follows a path with a distribution of
price changes that is perfectly lognormal.

First, for a large number of observations of price changes N, the
average of the percentage changes of the stock price tends to a constant, the
expectation value, driven by the model drift, reflecting that average prices
in this model drift upward exponentially.
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Second, the measured historical volatility will tend to the input volatility
o of the model as we calculate it using more and more stock price changes,
that is, as N tends to infinity. Taking an average of many measurements 7,
of the historical variance over N stock price changes will have a distribution
with a mean that is the input volatility squared. Alternatively, taking an
average of n values for historical volatility using N market-close-price
changes for the stock (N-day historical vol’ in market parlance) will have a
mean that is only approximately the input volatility, even as the number of
observations 7 goes to infinity. However, as long as more than thirty price
changes are used (N > 30) for each calculation of historical volatility, the
difference between the expected value of the average and the input volatility
is less than a few percent.

Note that an N-day historical volatility has an expected standard
deviation of order volatility over ,/N. This means that an observed path
of trailing historical volatility fluctuates around its mean with percentage
difference to the mean of order 1/,/N. For example, a graph of trailing
30-day historical volatility on a perfectly lognormal stock price with actual
volatility 0.30, will fluctuate around a mean value within a few percent of
0.30, and more than half the time will be within a band approximately
given by 0.25 and 0.35. In conclusion, we can make observations directly
comparing or contrasting real markets with this lognormal model.

These features of a lognormal distribution are already of use for some
qualitative match to the real markets. For example, historical graphs of the
major indices show long periods of something like exponential growth (most
easily seen as straight lines on log index versus time plots) and graphs of
trailing historical volatility, for a particular stock, do show a lower variance
with larger samples of daily price changes. However, while a cursory look at
the data shows some qualitative match, it simultaneously shows significant
differences that make this model a schematic fit at best. Typical stocks can
have a historical volatility graph that has a mean near 0.30 and typical
range of fluctuations between 0.25 and 0.35 for a year or more and then a
business announcement can cause a stock price change that makes historical
volatility jump to 0.60. Such events are too frequent for the lognormal
distribution and lead directly to discussions of fat tails.

Finally, if this process were to imply that there is a unique option
price, then this would obviously be a very valuable qualitative tool with the
potential to be quantitatively useful. This theoretical option price might not
match the market exactly because the real market for the stock does not have
exactly lognormally distributed stock price changes (in fact, the real market
is not continuous and is influenced by the recent past, i.e. non-Markovian),
but this price would still be a useful guide to very expensive or very cheap
options and how to trade and risk manage them.
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Many processes for stocks can indeed be used to derive option prices and
the simplest model—an option on a stock with a lognormally distributed
price process and no dividend—results in the famous Black-Scholes formula
for the price of the option. Understanding the techniques of modeling price
processes and of finding option prices consistent with a chosen underlying
price process are the principal objectives of this book.

1.2.6. Book Outline

This book outlines all of the basic mathematics to understand the derivation
of pricing equations for various derivatives from the starting point of
assuming a process for the underlying security price. It turns out that a
partial differential equation (PDE) exists for each process and which the
pricing formula of all derivatives on this underlying security solve. We
will derive this equation and solve it. Solving the equation can be done
analytically or, more likely, numerically.

After some preliminary mathematics review in chapter 2, chapters 3
and 4 deal with a formalism to describe stochastic processes and its appli-
cation to finance. Chapters 5 and 6 then derive the pricing equation based
solely on stochastic price fluctuations as the source of risk. Chapters 7
and 8 repeat the development again for interest rates with a focus on the
constraints on the form for the process that arise due to trying to con-
sistently model the stochastic movements of the interest rate curve rather
than just a single security price. Chapter 9 deals with analytic and numer-
ical solutions to the types of equations that arise in derivatives modeling.
Chapter 10 incorporates a simple binary probabilistic model of default into
the framework and finally Chapter 11 combines much of the previous work
into some specific examples of models of derivative securities. A few sample
exercises together with solutions are provided and range from the almost
inane, but actually very important, “‘do I get this?” type question to much
more difficult ““T can’t do this!” type questions. Four topics are relegated to
appendices because they were either algebra intensive or outside the flow of
the text but nevertheless they are important.
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Preliminary Mathematical
Tools

2.1. PROBABILITY DISTRIBUTIONS

A review of discrete and continuous probability distributions is an appro-
priate first step to outline the mathematics of derivatives.

If p; (or P(x)dx) represents the probability of an “occurrence” at discrete
coordinate x; (or in range x — x + dx), then we can model a person’s ability
to throw darts, say, by the probability distribution of the results of their
throwing darts at a board, aiming to hit only the bull’s-eye. The distribution
would likely be angularly symmetric and would peak around the bull’s-eye
and fall off farther away. This means that the thrower has a good enough
eye that his throws usually come close to the bull’s-eye. We might even
measure his skill level by trying to measure the distribution.

Presumably, the average result of many throws

(x) = inl)i or (x) =/ xP(x) dx
i x—space

will be close to the bull’s-eye, and would get closer and closer as more and
more throws are observed and so contains little or no information about
the thrower’s skill level. On the other hand, the width of the distribution
(or radius of the central lump of distribution of throws) can be measured as
the standard deviation o where

2
ol = ((x— (x))) = (") — (x)> = > xlp; — (Z m)
2
oro?=(x)= / x*P(x) dx — (/ xP(x)dx) )
x—space x—space

1
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EXPECTATION VALUES AND AVERAGES

The average of N values x1, x5, ..., xy, is often written as
12X
X = N E X,'.
=1

Now if the N values are selected from a randomly distributed variable
x, with continuous probablity distribution p(x)dx, then the expectation

value of x is written -

(%) =[ xp(x)dx.

o0

The value x is itself stochastic and has an expectation value and
variance itself. The important idea is that this expectation value is the
limit of ¥ as N tends to infinity. Furthermore, the variance of x and
goes to zero as N tends to infinity. To avoid this subtle notation, the
mean (and variance) are often written out in full in this text,

12X
mean(x) = N Zx,-,
j=1

while the expectation value (x), is used to denote the expectation value
of the mean.

This is a smaller and smaller number depending on the thrower’s level of
skill. The more accurate the thrower, the tighter the distribution around the
bull’s-eye, and the higher the probability of hitting the bull’s-eye with any
one throw. This is possibly a good measure of skill level. We might imagine
that it is approximately constant but slowly changes as a particular thrower’s
skill level improves (or weakens) with practice (or lack of practice).

For distributions then, we may ascertain the expectation value of the
coordinate x, and indeed functions of the coordinate f(x). Also note that a
“state-density” function, wj;, or w(x), may be included.

xipid: ()= xpi, if Y pi=1andp;>0, V(i)

(D fxi)} s (Fx)) =D fladpi, if Y pi=1
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) D Xawip; _ il xiwips
{xi, piswin f(xi)} 2 (x) = S wp; (flx)) = > wipi
{x, P(x),w(x)} :  (x) = / f(x)P(x)w(x)dx, if P(x)w(x) dx
x—space x—space

=1

A Gaussian distribution (also called a normal distribution or bell-
curve distribution) is a very important example of a distribution. Another
important example is the lognormal distribution. One is a “variable change”
of the other. To execute variable changes for distributions (say x — y), we
can replace the variable function in the function p(x) as follows:

p'(y) = px(y)),

but it is equally important to transform the volume element dx (under the
integral):

dx = J(y) dy.

This function J is called a Jacobian and has various forms for various
dimensions, that is, variable changes from 1 to 1 dimension, or 2 to 2
dimensions, or 3 to 3 dimensions and so on. This function can be understood
as a “weight” function, a necessary term to understand variable changes
under the integral. For example, the Jacobian for 1 dimension (1-D) is

For higher dimensions we will need a special algebra to calculate the
Jacobian easily; the algebra of 1-forms and n-forms.

First, let’s work on a simple (1-D) example and calculate the normal-
ization integral for a typical Gaussian distribution.

p(x) = exp <_%2)
I= /Oop(x)dx

We are going to consider the value of I> and then make a 2-D variable
change
x =rcos?d

y=rsint



14 THE MODELS

that results in

o [
-1/ d’dl’ﬂr,’ﬂ)” )

This requires the calculation of the 2-D Jacobian, which is given by

(x(r, 9))p(y(r, 7))

Jlx,y) 9xdy dyodx

J(r,9)  9r 39 or 9v

We can now integrate over the angle ¢ (the argument does not depend
on angle) to get a factor of 27 and then note, using the chain rule, that

ap(r)
ar

= _7’17(7’),

for p(x) defined above, to find

=//drdﬂrp(r) =27r/ drrp(r) = 2 [—p(r)]' =
7’2 r=00
—2n|—exp (-1 —2n.
w[-en(-3)], =2

So the result is I = 27 and the correctly normalized distribution is
given by

1 x?
plx) = N exp (—?> .

It remains only to note that the mean and standard deviation of this
Gaussian distribution have particular values, as shown in the exercises that
follow the next section.

2.2. n-DIMENSIONAL JACOBIANS AND
n-FORM ALGEBRA

The 2-D Jacobian is given by

J(x1,%2) _0xp 0xy  9xp 0xy

J1,32)  0y1 9y 0yi 9ya
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Indeed the n-dimensional Jacobian is given by

L R )
oo ooy
](xlaxla"'ij) d 9y1 9y2 f)y_N
¥ . = et . . .
](ylser"syN) : : :
ayr 9y2 oyN

The generally much easier method to get the result, for a specific case
instead of general functions, is to use n-form algebra. The rules of this
algebra follow.

If x and y are scalars (i.e., ordinary numbers that are only magnitude
and are not associated with a direction) then dx, dy, and so on (i.e., the line
elements) are “1-forms.” They are not scalars (indeed, they are associated
with a direction) and we need to know their algebra rules. In fact, they
anticommute but are distributive (the following expressions include first a
2-form and second, another 1-form):

dx dy=—dy dx
dx +dy =dy+dx
Sometimes this is written
dx A dy=—dyn dx
dx +dy=dy+dx

using a special symbol for form multiplication, because an n-form times an
m-form results in an (n + m)-form. 1-forms commute with regular numbers
(e.g., the scalar function f(x,y), a O-form) but cannot be added to them.

fdy = dyf
f + dx - - - meaningless.

The last expression is “adding a vector to a scalar”, and this has no
meaning. Indeed, addition is meaningful only among forms of the same
order. Finally, the scalar functions f(x,y) and g(x,y) can generate 1-forms
as follows.

Scalars are expressed as

flx,y), glx,y);
1-forms as

df = L g 1 3 gy,
ox ay

a a
dg = %8 dx + —gdy;
ax ay
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and 2-forms as

&f = didf) = 2 dyaxe + L ddy = ( A )dydx o,

axdy axay axdy a 0x0y
d’g =0,
af o of o
df dg = (8—f—g . —f—g> dxdy.
xdy 0y dx

This last line gives the 2-D Jacobian; this is the machinery we need
to perform variable changes on volume elements. The value of this n#-form
algebra is that it becomes very easy for specific examples:

x =rcos?, y=rsinv;

r=+yx2+y2, ¥ =tan"! (%) ;
dx = cos? dr — rsin® do,
dy =sin® dr + rcos 9 dv,
dxdy = (rcos* 9 + rsin® 9) dr dv = rdr dv;

J(x,y)
J(r,9)

Thus we can directly relate the 2-D volume elements under a change of
variables and then read off the Jacobian easily.

2.3. FUNCTIONAL ANALYSIS AND
FOURIER TRANSFORMS

Functional analysis or distribution theory deals with integrals on continuous
distributions. Here we note that a wider definition of integration is needed
(rather than the usual Riemann) and this is Lebesgue integration. Riemann
integration is the discrete sum of small increments times function values with
the increment size tending to zero and therefore the number of increments
tending to infinity. If this limit is well-defined, and the result is independent
of the method of shrinking the increments, then this limiting result is the
Riemann integral value.

Lebesgue integration works over a wider class of integrands (called distri-
butions) than Riemann integration that only works on smooth functions. This
is because a parameter is introduced and the Riemann integral is performed
on the function for a particular value of the parameter, which then is allowed
to go to a limit after integration. This limit might be a value of the parameter
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for which the Riemann integral is not defined while the limiting value itself
is defined. This limiting value is then the value of the Lebesgue integral.

An example is much easier to digest—consider the Dirac delta. If we
look at the full normal distribution formula, parameterized by the mean
and standard deviation, u and o,

p(x)dx =

1 (x — p)? 4
exp | —
V2mo? P 207 x,
we may note that this function is not defined in the limit o — 0. But
generally Riemann integrals of the form

1f1 = / Flx)plx) dx

are well defined for all o > 0 (but not 0). For example, if f(x) = 1, I[f] = 1.
Furthermore, for f(x) = x, I[f] = 1 and also for f(x) = (x — u)?, I[f] = o?
and so on.
The Dirac delta, §(x — ), is defined as the “distribution” represented by
the limit o — 0 for the function p(x), with this limit taken after integration.
It immediately follows that

[wé(x—u)dle,

o0

/ 8(x — w)f (x) dx = f()

[ee]

where now the integral is understood to be a Lebesgue integral. We see that
the Dirac delta is a function that is zero everywhere but infinitely high at the
origin (loosely speaking) and has an area underneath it of 1. Mathematically
we can define such a function; but Riemann integration of it is certainly not
defined because it is not smooth enough but a “distribution” is well defined
(i.e., very loosely “a function under the integral”).

Now consider the Fourier transform of f(x), f(k) say,

_L = —ikx
fik) = —= [mf(x>e dx

_L = ikx
ﬂx)_ﬂ/_mﬂk)e dk

where Lebesgue integration is a requirement to ensure that “Fourier analy-
sis” makes sense, and the second relation representing the inverse is included.

(Here i = +/—1.)
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Then we find for a normal distribution with mean p and variance o2,

e Lo (_(x—MV)
PN = e P T 2

1 —k?c? ik
b = o exp (57 )

the Fourier transform is also a normal distribution. But note that if the peak
of the original normal distribution is thin, that is, o — 0, then the spectrum
distribution, p(k), is wide, and vice versa.

Now consider convolution: it looks like multiplication in Fourier space.
Define b = f * g (here the * denotes the operation of convolution):

h(x) = [fgllx) = / Fly — x)gly) dy.

Then take the Fourier transform of h(x) and it turns out:

It is a very simple result. The spectral distributions multiply to convolute
the functions themselves. This is a powerful tool.

Finally note that for functions f(x) and g(x) together with their Fourier
transforms, f(k) and g(k), then if

df (x)

g(x) = dx

then

8(k) = ikf(k),

and again in Fourier transform space, the operation of taking the first
derivative is simplified to multiplication by the spectral variable and i.

2.4. NORMAL (GENTRAL) LIMIT THEOREM

Any “shock” (over a constant state density), repeated, eventually becomes
a normal distribution if the variance of the shock is finite. This may be
mathematically described as an initial distribution g(x), which is convoluted
with a shock distribution f(x) to produce a new distribution h(x):

hix) = [ * gl(x) = / Fly — x)gly) dy
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and this result is again convoluted with the shock and so on many times.
Indeed it may also be thought of as the convolution of the shock distribution
f(x) with itself many times, and this result is convoluted with the initial
distribution

fNx) = f - fl(x)

giving a final result

Final(x) = [f*" x g] (x).

It turns out that under the conditions that the shock is normalized to 1,
and the mean and variance of the shock f(x) are well-defined (say mean u
and variance ¢2) that

Nx) — #exp <_M>
N—oo \/2702N 202N ’

Thus any shock or smearing out of a function, if repeated over and over,
looks like a normal distribution convoluted with the initial distribution. This
is the central limit theorem: for a plausibility argument see Appendix A.

A specific example would be a 1-D random walk in which the walker
starts at the origin; an initial distribution corresponding to a Dirac delta.
The walker then takes a step right 1 unit or a step left 1 unit, each with
probability 50%; this is a shock distribution that is a sum of two Dirac

deltas multiplied by 1, one at x = —1, the other at x = 41, as in Figure 2.1.
Probability Probability
A A
Area=1 A/r?az 05
// e //I
,’l . A/
J / JL e II
{ K
Stock Price Stock Price

FIGURE2.1 Schematic plots of Dirac delta functions representing the initial
distribution and shock distribution of a path. (a) Initial stock distribution;
(b) shock distribution
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This shock distribution has a mean p of zero and variance o of 1 and,
using the central limit theorem, has a large number of steps N limit (many
convolutions of the shocks in Figure 2.1) given by

The next section examines random walks in more detail.

2.5. RANDOM WALKS

Define a random walk in 1-D, or 2-D and so on, as the result Xy, of N

steps:
N
XN = Z Xj
i=1

where each x; is selected from a (possibly different) random distribution.
The sums of random variables follow some rules. The “sum of Gaussians
is a Gaussian” meaning if each x; is selected from a normal—that is, a
Gaussian—distribution, then the total, Xy, is also distributed according to
a Gaussian. This is because convoluting Gaussians produces a Gaussian.
Another rule is that the sum of variables obeying any other distribution on
a constant state density goes to a Gaussian as the number of steps goes to
infinity if the standard deviation is well defined (normal limit theorem).

Furthermore, carefully note that the standard deviation of a walk is
different from the standard deviation of the mean. Let’s say the average step
is size 1 but the average is zero (i.e., the direction is random but the step is
size 1),

Expected (i.e., average) length of a walk and standard deviation is

N

(Xn) =) (x) =0,

i=1

N N N N N N
T = ({33 )= |32 s = 3238,V
i=1 =

j=1 i=1 j=1 i=1 j

The Kronecker delta §; has the value 1 if the indexes are the same and
zero otherwise. It shows up due to the fact that the steps are uncorrelated,
and so only the same step gives a contribution due to its variance of 1.
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So the walk has step size 1, but after N steps the path has typically
moved +/N steps from the origin, even though the average is near zero; that
is, there is a wide distribution of results between —+/N and +/N.

Now consider the average of N individual steps and its expectation
value and standard deviation:

<ﬁ>_m_o
N/ N -

XN z \/Zle X Z/I\il x;’ \/Zzlil Zf\il Si/ 1
( N > VN N N N
Thus the “error” in the average (its standard deviation) tends to zero
as N — oo.
Now, if x is selected from a normal distribution with mean u and
variance o, and so

1 _ 2
plovde = e (U ) a

then the distribution of Xy = YN | x;, is

(Xx — Npp
— ) dx.

1
Xn)dXy = ————exp | —
p(Xn)dXn NG P(
Also note

1 o?
(exp(x)) = exp <<x> + 5var<x)) = exp (u + 7)

and if Xy = Zfil x; so that Xy is a sum of Gaussians, then

2
(exp(Xy)) = exp (N(x) + %Nvar(x)) = exp (NM 4 N; > .

We have already obtained a result that has a financial interpretation:
Reinvested capital, due to compounding, results in monetary risk (i.e.,
variance) being rewarded on average with excess returns. If the returns on
investments are normally distributed, and if average returns are (Xy) = 7T
while the variance (or risk) of these returns is (X%,) — (Xn)* = 02T then the
average compounded returns are

2
(exp(Xn)) = exp (rT + 02—T> .
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2.6. CORRELATION

For numbers selected from random distributions in dimensions greater than
one, we can consider correlations of the variables selected at the same time
to be nonzero. Correlation is defined as

(xy) — (x)(y) .

0,0,

This is the same definition for continuous or discrete distributions. The
value of correlation is always between —1 and 1. The formula makes more
intuitive sense rearranged as

<xy> = (X) ()’) + P00y,

which means the probability of two events x and y, occurring simultane-
ously, is just the product of their individual (unconditional) probabilities of
occurrence only if they are uncorrelated, that is, p = 0, and the probability
of coincidence is higher than the unconditional coincidence if the events
are correlated, that is, p > 0, and it is lower if they are anti-correlated,
namely, p < 0.

We may construct a correlated system out of an uncorrelated one: if z;
and z, are uncorrelated variables selected from Gaussian distributions with
mean zero and variance 1,

plai)dz; = — ( zf) d
Z;)az; = —(——=€X —— X,
V2 P 2
and then the system of two variables has a distribution function,

p(z1,22)dz1dz, =

e (-3) mer(-3)
exp | —= exp | —= ) dz1dz,.
2 P 2 2 P 2 R

Also note that

P12 = (2122) =[ dZ1/ dzz12:p(21,22) = 0.

Now change variables,

x1 = o1(21 + Bz2) + 1

Xy = a2(21 — Bz2) + Mo
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We are free to choose a1, a, and B so that
(x1) = i,
(x2) = o,

var(x;) = 012,

var(x;) = o},

(x1%2) — 12
p=-———

b

0107
given that
(z1) =0,
(z2) =0,
var(z) =1,
var(z;) = 1,
(z122) = 0.

If the distribution of (z1,2,) is
A+
2

1
p(Zl, Zz)dzleZ = —€exp < ) dzleZ,
2w

then the distribution of (x,x,) is
p(x1,x:)dx 1 dx,

— exp | — 022(x1 - M1)2 + af(xz - Mz)z — 2poy0a(x1 — pa ) (%2 — Ua)
= P 21— pYolol

dx.dxz
2wo1034/1 — pZ'

The conclusion here is always switch to (zi,z,) variables because
it is much easier to work in (z,z;) space than (x;,x,) space. Sim-
ply stated, when dealing with variables that have means, variances and
correlations, switch to variables with means of 0, variances of 1, and
correlations of 0.

Randomly distributed variables with a correlation can be interpreted
as the linear sum of random variables with no correlation. Thus corre-
lation measures the degree to which “mixing” occurs between the two
variables, and the likelihood that the variables will move in a syn-
chronized fashion; and the range of correlation from —1 to 1 naturally
expresses this.
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2.7. FUNCTIONS OF TWO/MORE VARIABLES: PATH
INTEGRALS

Let’s review. Given a well-defined function of two variables,

fx,y),

we can write (using 1-form algebra)

df = 8—fdx+ 8—fdy.
0x ay

Across the 2-D x,y surface this can have an intuitive meaning as follows:
If we chose a path, such that
X = X(t),

y = ()
for 0 <t <1, say, then we find that along this path
df _dfdx dfdy

dt — oxdt  oydt

For example, define f(x, y) = x*y? and the path as follows:
x = cos(mt),

y = sin(t)

for 0 < <1 as plotted in Figure 2.2.

y

dh

FIGURE2.2 Plot of a path on the (x,y) plane given by x = cos(rt),y = sin(x¢) for
0<t<l1
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Then
df
dt
Specifically, along this path the value of is defined. For another path
this is incorrect. But the expression

= —2xy*m sin(rt) + 2x*ym cos(mt).

df = ey gy
ax ay

encompasses all possible paths.
Another intuitive meaning for 1-forms is that they are “really” defined
under the integral, and we see that along a given path

t=1 t=1
/ #=/ iw+i
t=0 t=0

_ of dx afdy
_/,0 <8xdt+3 dt) dt
=f(x(t =1),y(t = 1)) — f(x(¢ = 0),y(t = 0)).

We can see that along a closed path—such as the path parameterization
just displayed, except now 0 < <2 and this closes the full circle of the
path as in Figure 2.3—the integral is

[ =g

y

FIGURE2.3 Plot of a path on the (x,y) plane given by x = cos(rt),y = sin(x¢) for
0<t<?.
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There is an important exception to this. Consider, after a change of
variables along the same path, but importantly with a different function f:

x =rcos?, y=rsinv;

r=+yx*+y>, O =tan"! (Z>;
x
f(?’,l?):l?
r=1, 9=nt;0<t=<2.

Here we find
=2 V=2
/ df = o =27
t=0 =0

All that happened in this special case is that the closed path enclosed a
single point where the function was not defined, at the origin. For all paths
not enclosing this point the answer is still zero.

2.8. DIFFERENTIAL FORMS

Now we consider a more general 1-form:
df = h(x,y)dx + g(x,y) dy

Note that under the condition

dh(x,y)  0glx,y)
dy  ox

3

then f(x, y) exists, and it is given, up to a constant, by

9
% = h(x,y),
9
% = g(x,y)

and the path integral is path independent as long as the equivalent paths
do not enclose singular points of the functions h(x,y) and g(x, y), using the
previous example:

h(x,y) = 2xy*,
glx,y) = 2x%y,
= f =xy.
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3.1. WIENER PROCESS

We have already looked at the concept of a random walk, starting at zero,

The result of N steps of size 1 in a randomly selected direction gets
the walker to position X; the mean of X is zero and the standard deviation
of X is +/N in the large N limit. The same is true for any shock of the
same standard deviation and mean, for example, if each g, is selected from
a normal distribution of standard deviation 1 and mean 0.

In this chapter, we modify the analysis slightly. We will make the steps
occur every increment of time Az, and the step is going to be selected from
a random distribution of mean zero and standard deviation ~/At,

z; = v Atg,

At = —.
N
Then define

N

XT = lim E Zi.
N—oo £ T
i=

This formula is mathematically well defined for any finite N; because
the behavior is smooth over large values of N, the limit for N — oo, is
well-defined as well. Visually we have a wiggly path. But it is impossible
to correctly draw! This is because it has a fractal nature to it. No matter
how small you go, it still looks similar, and the derivative is not defined no
matter how small the line element you take.

27
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The above (limiting) expression will be codified by the following expres-

sions: —r
XT = [ dz(t)a
I

=0

dX = dz(t)

These expressions are shorthand for the well-defined version displayed
previously. We have an expectation value under the probability distribution
of all increments:

(dz(t)) =0,
(dz(1)) = dt,
(dz(t) dz(s)) = dtdss(t — s)

We may state this as the stochastic increments have mean zero, stan-
dard deviation dt, and at different times are all uncorrelated. These three
expressions are the basic tools to manipulate stochastic integrals and then
take expectation values of the results. For instance, these expressions imply
(more strictly: are implied by!)

<X> = Oa
(X =T.
Last, we can construct a new variable X of arbitrary volatility o (i.e.,

standard deviation per square root of time period) and drift u (i.e., rate of
change of mean per time period):

t=T
Xr= / dX,
t:

=0

dX = u(8)dt + o (t) dz(2)

and then

t=T
(Xr) = / ult) dr,

=0

(X2) — (X7 = / 021 dr.

t=0

This is called a Brownian motion. It can be generalized to the follow-
ing form:
dX = p(X,t)dt + o (X, t) dz(2).
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Note the “stochastic-ness™ of the process is contained solely in the dz(t)
term. At time £, the values of the drift rate and volatility are well defined;
the df term integrates up to a regular function while the dz(#) term contains
the stochastic character of the process for X. The simplest Brownian motion
is of annual variance 1, and mean 0,

dX = dz(t)

and is called a Wiener process.

The distribution and specifically means and variances of the path
endpoints for this more general process are harder to calculate; but the
definition of standard deviation for a path looks at the changes in the path
from sample time to sample time. Given an N + 1 time series of path values
for X, (r1,72,...,7n41) Say, this generates N samples of changes, and a
sample of variances:

1Y i
Mean = (A7) = — Z Ari= — Z(”m — 1),
N i=1 N i=1

N

. _ AN A2
Variance = ((Ar — (Ar))”) = N-1) Z(Ar, (Ar))7,

—_

i=1

Standard deviation = +/variance.

The N — 1 factor shows up because the expression then gives a better
estimate of the variance for small N (this can be derived). Note that it gives
infinity for N = 1, meaning, if we have only two stock price points, then
we have a single estimate of the mean return, but no error on the mean
return, because we have only one sample of this. The standard deviation is
the square root of the variance.

Clearly as N — o0, and the time-step goes to zero (and for a particular
path value, X, and particular time, ¢), we would expect to get:

Standard deviation = o.

Note that in reality it is going to be difficult to measure if there is time
dependence of the standard deviation term—and very difficult if there is path
value dependence. It would be necessary to perform multiple measurements
of path value changes at nearly the same time and at very similar values for
the path.
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3.2. IT0'S LEMMA

The lemma can be proven for a stochastic process using the definition of a
Wiener process,

N
xr = lim Zzi,
N—oo
i=1
=N At{;‘i

where ¢; is selected from a normal distribution of variance 1 and mean 0,
which is written in shorthand as

dx = dz(1).

Then consider the process for a function of this stochastic variable f(x).
The result is the following (with only a plausibility argument):

dx = dz,
f=flx),
_of 1 0%f
df_ad —l—zw(dxdx)—i- ,
_of 1 0%f
df—adx-f-z@dt

The second-order term in the Taylor expansion is first order in dt. More
generally, if the stochastic process has drift and the function has time ¢
dependence, then

dx = p(x,t)dt + o (x,t) dz,
f=flx1),

_of of 19°f

(T e (o) e

at ax | 2 9x2 ax

This is Ito’s lemma; that is, there is a second-order derivative term in
the drift of the process for the function in addition to the usual terms. This
enables us to perform variable changes on the standard Brownian motion
to obtain many more complex processes.
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To start,
dx = p(x,t)dt + o(x,t) dz(t).

Consider S = ¢*. The process for S is given by
2
s =$ (/L(ln S, 1) + ”(ln%) dt + So(In S, 7) dz(t)

using Ito’s lemma. This is a lognormal process for a constant o value, which
corresponds to the original case being normally distributed. We can make a
slight change © — u — % to obtain the general formula for the lognormal
process

dS = Sudt + So dz(t).

Usually lognormal and many other continuous processes can all be
related in this way. This means that we have described a large class of
continuous processes (i.e., variance of steps is well-defined and goes to zero
as time-step goes to zero), and they are not influenced by the past. Only the
value at time ¢ drives the future distribution. A process with this property
is known as a Markovian process, that is, “time” correlation for these
processes is zero. From the previous equation we get

(dz(t) dz(s)) = dtdss(t — s).

Thus we have built a formalism describing Markovian, continuous-
time, stochastic processes (or Brownian motions). These will be the starting
assumptions for many (but not all) models of security prices in finance.

For a general process for a security, we may write it as

dS = Su(S,t) dt + So (S, t) dz(t).

To relate this to reality, we note that the distribution—specifically
means and variances of the path end-points for this more general
process—are hard to calculate or estimate. The definition of volatility
for a path looks at percentage changes, or returns on the security prices
from sample time to sample time. Given an N + 1 time series of values for
the security S, (S1,5,,...,Sn.1) say, this generates N samples of returns, and
a sample of variances of returns

ri = 1n S,‘,
Si+1

AT,‘ = 1I'IS,'+1 — h'IS,' = 1n <T) N
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1 & 1 &
Mean = (Ar) = N ; Ar; = N ;(TM —7i)s
N
Variance = ((Ar — (Ar))?) = N_1) Z(Aﬂ — (A1),

Volatility = +/variance.

The formulae are the same as above; just differing by a variable change.
Again, clearly as N — 0o, and the time-step goes to zero (and for a
particular security price, S, and particular time, t), we would expect to get

Volatility = o.

Again note that in reality it is going to be difficult to measure the
volatility if there is time dependence of the term and very difficult if
there is path value dependence. It would be necessary to perform multiple
measurements of path value changes at nearly the same time and at very
similar values for the path.

Looking more closely at Ito’s lemmay; there is an important relationship
between Ito’s lemma and the expectation of an exponential of a Gaussian
distributed variable. From above (see section 2.5 Random Walks), we noted
that for a Gaussian variable x with mean T and standard deviation o+/T
(equivalently drift i and volatility o),

dx = pdt+odz,

t=T
xXr = [ dx,
t=0

2
(exp(xT)) = exp </LT + 02—T> .

Now consider a lognormal process for stock price S, which at time T
has value S,

ds = S/,Ldt+SO’ dZ,

t=T
Sy = / ds.
t=0

We want to find the value of S;. More precisely, we want to find its
expectation value and higher moments and so on. Consider a variable change
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St = e*" or In St = xr, and then the process for x (using Ito’s lemma) is
p g

0_2
dx = ('u_?) dt + o dz,

=T
xXr = / dx.
t=0

We note that the drift of x is slightly shifted from the drift term of S. We
can more easily integrate this expression for the process of x (don’t forget
that the result has a distribution). And then, because S always has the value
S = ¢*, we know S = ¢*7. Then, using the expression for the expectation of
the exponential of a Gaussian from above, we know

2 2
(S) = (exp(xr)) = exp [(u - %) T+ %T] = exp(uT).

The point about this is that the extra term in the drift, due to Ito’s
lemma, cancelled out the term arising from taking the expectation of an
exponential function of a random variable. Or, put another way, the Ito’s
lemma term arises to make sure that expectation values of functions of
random variables are correct.

3.3. VARIABLE CHANGES TO GET THE MARTINGALE

The martingale is just the variable change under which a given process has
zero drift. Consider

dx = p(x,t)dt + o (x,t) dz,

f=Fflx1)

df_afdt—i-af(udt—l—odz) 382’[ 2y,
o, af o2 0°f of

df = ( + 5 ax2> dt+< 8x> dz.

Here, f(x, ) is a martingale if

of = of o
ot TR T e T
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For example, if drift and volatility are pure constants (not time or
security price dependent) then

oo (s 7]0)

The meaning of this will become more apparent once we apply the
formalism to finance (indeed, f turns out to be the futures price as opposed
to the spot price § = ¢*). For example, for options of strike K (in some
currency, USD say), option maturity T, stock spot price S (in the same
currency as strike), risk-less interest rate rg, and stock loan fee 7.0, a
martingale at time ¢ may be written as

Sefrstock(T*t)

m =
Ke—"ﬂi(T—f)

for the process
dS = S(rs — raocr) dt + So (t) dz(t)
because the process for 71
dm = mo (t) dz(1)

has no drift. Generally if we have two variables each with its own pro-
cess, say,

dS, = Si(rg — r1) dt + Sy04(t)dz4 (1),
dS, = Si(rg — r,) dt + S,0,(t)dz, (1),

then a martingale can be constructed from the ratio (or indeed the product
of any powers of the two variables) as 72, and its process is given by

S

— 1 el
m= Szeg s
dm=m (é — @ +(&2(2) + 05 (2)) dt) ,
S S,
=m <0’1(t)dZ1(l') — Uz(t)dZZ(t) + (7’2 -7+ ag—(tt) + O'zz(t)) dt) s

which implies that 7 is a martingale if we choose

glt) = — /0 [12(8) = r1(s) + 02(s)] ds.
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3.4. OTHER PROCESSES:
MULTIVARIABLE CORRELATIONS

Given two independent Wiener processes dz;(t) and dz,(t), we can construct
two arbitrary paths X;(¢) and X,(¢), of different means and standard
deviations and arbitrary correlation of changes. (The analysis has already
been done in section 2.6 Correlation.)

dx, = Oll(t)(dZ1(t) + ﬂ(t)dzZ(t)) + pa(t) dt,
dx; = ay(t)(dz1 (2) — B(1)dza (1)) + pa(8) di;
dz, = % |:(dx1 — i dt) n (dx;, — 1y dt):|

ay (2%

b

’

dZZZﬁ

1 1 -
Ol](t) = O'](t) +Tp(t), Olz(t) = GZ(t) +2,O(t)’ 'B<t> - 1+ 222 '

Note that these changes are normally distributed (not lognormally; we
have a potential model of stock price returns):

(dxi) = wi(t)dt, ((dx; — (dx)))?) = 012(1‘) dt;
(dxy) = pa(t)dt,  ((dx, — (dxy))*) = o5 (t) dt;
(dxidx;) — (dxq)(dx,)

1 [(dx1 —pidt)  (dxy — o dt)]

(041 o)

= pdt.
o1(t)oa(t)
The path end-points are given by
t=T
Xl = dxl,
t=0
t=T
Xz = de
t=0

and they have a distribution given by (from section 2.6 Correlation)

XmdXZ 1 Xl - MlT 2
P(X,,X,)dXdX, = exp | — ( )
T ammrvioe [ 207 |\ T

() ()]
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The means, standard deviations and correlation of the path endpoints
(expressed as averages here) are given by

1 t=T
M, == ja(t) dt,
' T t=0 !
1 t=T
M, = = 12(2) dt,
’ T =0 :
) 1 t=T 5
(Z1)" == o2(t) dt,
' T =0 !
) 1 t=T )
%)== o2(t) dt,
( 2) T[z:o 2(
b_ 1SS oultloa(0ple) dt
T >, :

Note that the average correlation P does not grow in the distribution. It
does not have a factor T next to it in the distribution of the path endpoints.
Also note that the simplification for means, volatilities, and correlation are
time independent:

My = pui, My =, 2y =01, %, =05, P = p.

In summary then, we have related the means, standard deviations and
correlations of two paths’ endpoints to the drift rates, volatilities, and
correlation of the two paths’ changes. Furthermore, and most importantly
for practical modeling, we have related the quite complicated analysis of
path distributions of variables with arbitrary functions of time for drift,
volatilities and correlation to the very simple distribution of two standard
deviation 1, mean 0, uncorrelated Gaussian distributed variables.
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Applications of Stochastic
Galculus to Finance

4.1. RISK PREMIUM DERIVATION

The following is a very surprising result. For a single Wiener process driving
a market, there is a universal risk premium (or price of risk). Consider two
derivatives of this driver that trade in this market,

dS] = S[M[ dt+ S]U] dZ(t>,
dSz = Szﬂz dt + SzUz dZ(t>,

where the drift and volatilities may be arbitrary functions of time and their
respective stocks. We may think of security 1 as an option and security 2 as
a stock. Note that they are perfectly correlated because the Wiener process
is the same for each security (admittedly, this is not a very realistic model
of a market). There may be an infinite number of different securities from
which to choose the two securities.

Construct a portfolio that is long one security and short A shares of the
other:

M= S] — ASZ

LONG AND SHORT

Long is a finance term meaning to own an amount. Short means
to effectively own a negative amount. The latter is realized in the
capital markets by borrowing a fungible security and immediately
selling it—and then buying it back at a later date and returning this
under the borrow agreement. Fungible means securities for which this
transaction is allowed.

37
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Now consider the process for this portfolio:
dll = dS; — AdS,
= (181 — ApaS,) dt + (0181 — A0,y Ss) dz(t).

Carefully note that the number of shares of security 2 that we are
short—that is, A—may be chosen as a function of time and stock price
to ensure that the portfolio is risk-free. Its values are stochastic (i.e. have
a distribution), but this is only because the stock prices themselves are
stochastic. We then choose A so that the portfolio has only drift and no
stochastic process. Indeed, if we choose

018,

8= 08,’
then the portfolio has zero risk, in the sense that there is no variance. The
portfolio is now synthetic cash. We will earn risk-free interest on the cash
value of the portfolio plus earning the value of stock borrow on stock 2
(because we have to pay this to finance the short stock 2 position) minus
stock loan on stock 1 (because we could lend it out now that we own it):

dn = (IU'ISI - AH‘ZSZ) dt = (_rstocklsl + T$H + ASZrStockZ) dt

Rearranged we get

(H’l -1+ Tstockl) (H’Z — 15+ TstockZ)

01 02

Now, because there are infinitely many different derivatives of the
Wiener process driving this market, this relationship must hold for any two
and therefore all securities. Thus, only solution is quite remarkable:

(Ml —rs+ 7’stocle])
01

=A.

There must be a universal constant A, (possibly a function of ¢, possibly
even stochastic itself) governing the excess return for each security over the
risk-free financing costs of a position in that security:

M1 = 7§ — Tsock1 + )"Gl~

Each security’s excess return (or drift/growth rate in excess of risk-less
financing costs) must be proportional to the volatility, or risk, of the specific
security. This proportionality factor is a universal market constant; the risk
premium.
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4.2. ANALYTIC FORMULA FOR THE EXPECTED PAYOFF
OF A EUROPEAN OPTION

Assuming a lognormal stock price process, we can now do some very
valuable calculations. The expected value of the payoff is an example. For
a European equity call option that expires at time T, the payoff value
(in dollars) is a function Cr = max(Sr — K, 0) and the question is: What
is the expected value today (¢ = 0) of this payoff, say E(payoff)? Clearly,
if we have a terminal probability distribution over final stock prices Sr,
that is, P(St,S)dSt, given that we start at stock price S, then the answer
is the weighted sum of terminal probabilities times payoffs added up over
all terminal stock prices (i.e., a convolution of two functions), which is
expressed as

ST=OO

E(PﬂyOff) = e—rg;T‘/; P(ST, S)CT(ST>dST

St=0

A discount factor is added to ensure the result is a dollar value today
(rather than a dollar value at maturity). Note that this is a candidate for
the price of the security; but we will soon see that it is not the price.
Nevertheless, let’s proceed.

The stock price process we assume to be

dS; = S,;u(t) dt + S0 (¢) dz(t),

and then change variables to x, = In(S,/S), where S is the initial value of
the stock-price path at time t =0 and x = 0. S, is the stock price at an
intermediate time ¢, (i.e., 0 < ¢ < T) and similarly for x;. Then the process
may be rewritten using Ito’s lemma as

o (t)?
2

dx, = (u(t) - ) dt + o (t) dz(1).

We know this Gaussian process has terminal distribution

P(xr)dxr = w] dxr

1
Ner [_ 23T
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where

T
1
T

> dt,

| —_
A
=

[\ )

Let’s make a further variable change:

= (xr — MT)
VT
P(xr)dxr = P(z)dz = L exp [—Z—Z] dz,
V2r 2

Cr(z) = max(Sexp(z=v/T + MT) — K, 0).

So the answer (in terms of integration over the z variable) is

E(payoff) = exp(—rsT) / | Gl

= exp(—rsT) / P(z)[Sexp(z=~T + MT) — K] dz
where
In (%) = MT

Ik =

=T

Cumulative norm functions are involved—and thus no analytic result
is available without integrals—so if we use the definition of a cumulative
norm function,

1 =X zZ
N(x) = N exp (_7) dz,

then we can write the solution as

E(payoff) = exp(—rsT) /jo P(2)[Sexp(z=~/T + MT) — K] dz

_ (M - 7$}T)N(d ) — Ke™TIN(d_)
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where

In(3) +MT + 2T

d, = ,
" VT
4 _ln(%)+MT
T ST

One last step is needed. We rewrite the expected payoff in terms of the
average drift 1o, and average annualized volatility, oy, as

1 t=T
= = t)dt
Ko T/t:o w(t) dt,
0'0:\/22,

We then get, using the average continuous discount rate (“‘instantaneous
forward™),

E(payoff) = Se"»I"N(d,) — Ke"*'N(d_),
In(S/K) + o + 30T
00\/—

Noting from above (see section 4.1 Risk Premium Derivation), that

diz

Mo =15 — 15+ A0y
and substituting this in we get
E(call payoff) = Sell st 'N(d, ) — Ke"T'N(d_),
In (%) + 13T

O'()\/_

Also note that a put option has an expectation payoff value similarly
expressed as

diz

E(put payoff) = —Se!™* N (—d.,) + Ke"*"'N(—d_).

This is the correct value for the “expectation” payoff of the options.
However, the fair-price is (perhaps surprisingly) different. We will see
in a subsequent chapter that the fair price (or arbitrage-free price) comes
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out to be the same expressions, for call and put, but with the value of zero
for the risk premium, A = 0. We would have obtained the correct answer if
we had assumed this value for the risk premium or, in other words, valued
the expectation payoff of the option in a risk-neutral world. The difference
between the two values for the option, that is,

E(payoffa)‘) - E(payoffs)" =0)

is the present value of a particular dynamic hedging strategy that reduces the
market risk, i.e., variance, of the portfolio consisting of option plus hedging
strategy, to zero. (This concept is discussed in detail later in this book.)
Before discussing risk-neutral pricing—and pricing a call and put cor-
rectly—we want to introduce the idea of a differential equation that the
terminal probability density solves. That is, an equation of motion.



From Stochastic Processes
Formalism to Differential Equation
Formalism

9.1. BACKWARD AND FORWARD
KOLMOGOROV EQUATIONS

In this section no results will be derived per se. Some results, however,
relevant to our topic will be stated.
Given a generalized price process,

dS = n(S,t)dt + o (S, t) dz(t),

¢=T
Se=S,+ [ s,
t'=t
with arbitrary drift function and local volatility function, we may ask the
following questions:

e Given that we start at stock price S; at time ¢, what is the probability
distribution over S at some time T > ¢?

e What are the ending expectation values of observables (i.e., expectation
values of functions of the path end-point or state variable)?

e What are the expectation values of these observables as functions of the
path start-points S, ?

It turns out that a probability distribution exists P(S;, St), which encap-
sulates all this and satisfies two equations (of motion) in the two sets of
variables. The first is called the Fokker-Planck (also called the forward
Kolmogorov) equation:

< 0 0% o(Sy, T)? 0

—_— 2 — —— (S, 1) ) P(S,,St, T, t) = 0.
aT‘i‘aS% 2 BSTM( Ty )) (ta Ts 3)

43
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(Note: As a reminder, this operator notation implies that the derivative
operators act on everything to the right.) The second is the backward
Kolmogorov equation:

3 o(S,t)? 32 3
— S
<8t T aS2 (S t)as

) (Sts ST) T: t) =0.

For example, for a constant mean and standard deviation g, oy, that
is, a pure Gaussian process

dx = o dt + oy dz(t),
/=T
X7 = X; +/ dx(t') :

the two equations, which the probability distribution of the path solves,
look more alike (just a remaining minus sign difference):

3 o2 0 9
P, | T,t)=0
< 8T+ 2 ang /’LoaxT> (xtaxTa >> 5

9 o2 @ 9
207 4 Z)p T,t)=0
( + 2 8X2 +/’LO 8xt> (xts X1y Ly ) 5

and the solution (to both equations) is

1 exp (_((XT—xt)—Mo(T—t))2>
2n02(T — 1) 203(T —¢) ’

P(xla t; XT, T) =

P(x,,t; xr, T) is a very powerful function. We may view it as a transition
probability between the two states (x,,#| and |x7, T). The first (left) state is
a starting state and the latter (right) state is a finishing state. The transition
probability is the “dot” product (or inner product, in the sense of vectors,
albeit infinite dimensional vectors) between them:

P(xta t; XT, T) = <xta t|xT9 T)

Furthermore, expectation values of functions of the state variables

f(x:, 1) = (f|x;,2) can be calculated at any later time,
x;=+00
flar,T) = [ fo, Pl txr, T

xp=+00
= / <f|xts t) (xta t|sz T> dxt = (f|sz T)a

t=—00
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or, if f(x7, T) = (xt, T|f) is given, for an earlier time,

Flan ) = / U flaen, T)P(xs £ 21, T) dor

T=—00

XT=+00
= / (xta t|sz T> <xTa T|f> de = (xts tlf)a

T=—0

depending on whether the function f has its values defined over the time slice
t or T, respectively. For example, an expectation payout (see section 4.2
Analytic Formula for the Expected Payoff of a European Option) is an
example representing an observable value that is defined on the time slice T,
and then has an expectation value at time ¢ = 0, defined over stock price S.

Note the analysis in this section is without the time value of money
which means that the discounting due to the time value of the dollar
is removed, and also T is replaced by T — ¢ from the expectation value
formulae. Therefore, the call expectation value expression is

E(call payoff,S,t; T) = Sel"ss+ 0 T=0N(d ) — KN(d_),

which must solve the backward Kolmogorov equation,

9 028 9 9 .
<& + SRS + S’“‘)ﬁ) E(call payoff,S,t; T) =0

for the stock price process, dS = S, dt + Soy dz(2).

The Kolmogorov equations are a powerful tool because, in situations
that cannot be solved analytically, we can always find a numerical solution
to the differential equation to get expectation values with the input of a
boundary condition. In the case of a call or put option expectation value,
this boundary condition is the terminal option value at ¢ = T,

Cy = max(St — K, 0).

We then just (numerically if necessary) integrate the backward Kol-
mogorov equation (backwards in time) to time ¢, to get the expectation
value.

Finally, observe that the backward Kolmogorov equation is just the
heat equation if it is rewritten in a spatial variable x such that the coefficient
of the second-order (curvature) term has no functional dependence on x. (A
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variable transform will find these normal coordinates.) Thus
d 2 92 ad
(3 + B o + nlig ) Olxr, T =0,

where ® is temperature (i.e., expectation value), and if the temperature of
the bar is described as observed from a car moving at velocity

w(x, 1)

with time running backwards! If we started out with an infinitely long bar
and temperature ® where ® = 0 for x < 0 and ® = exp(x) — 1 for x > 0,
then the solution is the same as the expectation values for the payoffs
of the put and call as above (see section 4.2 Analytic Formula for the
Expected Payoff of a European Option). It would gradually heat up around
the temperature “kink” (the strike), because heat transfers from the high-
temperature to the low-temperature area, while the long arm of temperature
gradient out at large x appears to gradually cool down; this is, in fact, just
due to the translation. Backwards in time for options; the heating due to
heat transfer is option premium decay; and the translation is stock forward
compounding.

9.2. DERIVATION OF BLACK-SCHOLES EQUATION,
RISK-NEUTRAL PRICING

We now consider an evaluation of the fair price of a derivative. We do it
by constructing a portfolio of derivative plus hedging strategy that results
in a portfolio value that has no variance at any time (i.e., it is riskless) and
then the fair value of this portfolio is evident because it is “synthetic riskless
cash” and so it accretes at the riskless rate.

At time ¢, the portfolio contains cash; an option (or indeed any deriva-
tive) of value C(S, #); and a stock of value S and of quantity —A; the borrow
costs for the stock and cash are rg, r¢ and, although it is almost always
ignored, I shall include a term for the option borrow cost as rc.

Now construct a portfolio, of value IT at time #, as follows: borrow
cash in the amount C — AS generating a liability; borrow A shares of stock,
generating a stock liability; and purchase one option. It is expressed as

I = I + I + Mg,
Mg = —(C — AS),
Il = —AS,

I = C.
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We have three products in the portfolio: dollars, stock and one option.
They are all written in terms of their values in $. At time ¢ the total portfolio
value is zero. Then consider the portfolio value at time ¢ + dz. If the stock
price process is

dS = Sudt + Sodz(z),

then we are able to derive the process for the portfolio value (using Ito’s
lemma when necessary), that is

dIl = dIlg + dIs + dl,
dllg = —(C — AS)rgdt — ASrsdt + Cre dt,

dlly = —A(Sudt + Sodz(t)),

. (3C S22 92C 9C
RN 2 982 3S

— + —+SM—> dt—i—Sa%dz(t).

Carefully note that the cash subportfolio generates more liability from
financing the cash we already borrowed, income from lending out the
option we own, and extra liability paying the borrow cost on the stock
we borrowed. If at time ¢ we choose to short enough shares to make the
variance of the whole portfolio zero (i.e., make the coefficient of the dz(z)
term zero), then

A aC
I

and we know that its total value at time ¢ + dt must be zero, as it was at
time ¢. Mathematically, the only remaining term is the drift term, and this
must also be zero, for this riskless portfolio of value zero:

9C S0’ 32C aC
e~ A — )2 — (rs — 7¢)C = 0.
S T g S s — 1) — (s = )

The interpretation of all the “interest” rates rg, s, 7¢ is that they are all
riskless rates, because this portfolio was riskless.

Usually we are looking for the “arbitrageable” value of the option (i.e.,
the riskless value we can earn from it), and so we ignore the 7¢ term because
it is just this “yield-to-maturity” that we are trying to evaluate, that is,
the option cheapness in terms of arbitraging the option price (or implied
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volatility) versus the underlying stock volatility. This leaves us with the
derivative pricing equation—that is, the Black-Scholes equation:
aC N $?0%3*C
at 2 08?

aC
+ S(rg — fs)ﬁ —rsC=0.

The financial interpretation of this equation is as follows: rewriting

slightly,

aC $2029*C
AC=—At=— —At At(C — AS S ALSA
ot 2 9s2 + 7 ( ) + 75 >

the change in option price, or theta, is equal to the sum of the negative of
the profits generated from delta re-hedging (let’s call this “decay”), plus the
carry on the cash in the position (to finance the net long cash value), plus
the carry on the short stock (to finance the stock borrow). The right-hand
side is the negative of the “riskless portfolio” that replicates an option price
integrated over time, and so the option plus this value is zero.

9.3. RISKS AND TRADING STRATEGIES

The previous section outlines a theoretical method of trading options that,
under the assumptions outlined (stock price changes that are continuous
Markovian processes and no credit or default risks whatsoever), reduces the
remaining “‘risk” (defined as variance of returns) to zero.

More generally the idea is that, even in the real world, certain dynamic
hedging strategies may reduce risks (although never sending all risks to
zero unless you sell all positions completely). For instance, we may use the
Black-Scholes equation to give us a dynamic hedging strategy for an option
using stock trading. This is buying and selling stock according to the delta,

A_ac
T a8

of the option position. But we still own something. This is because we have
a “long position” (i.e., a positive amount) of the option implied volatility
and a “short position” (i.e., an effectively negative amount) of the realized
volatility of the underlying stock. This method of trading will realize any
difference between these two numbers. This realized profit and loss (P&L)
can be measured by vega (approximately, because now we are assuming the
Black-Scholes assumptions do not hold), that is

aC
vega = —
do

and its interpretation is as follows:
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If realized stock volatility is measured using the stock prices at
which delta rebedge trades are executed over the entire life of the
option, then vega is the profit made (or lost) for each point that
realized stock volatility is above (or below) the implied volatility.

Vega is also the instantaneous P&L for a change in implied volatility of the
option.
Similarly, the interest rate risk may be measured and dynamically hedged

e
p= 87’5.

This number p, measures the instantaneous risk of one option for a
parallel shift in the interest rate curve. Another risk measure for dividend
risk (or indeed stock borrow risk) is o = —2“~. Further risk measures are

07Stock

possible for yield curve shape changes and so on, although for a European
option (exercisable only at maturity), the only interest rate risk is the “today
to expiration” forward rate or maturity zero price. All other zero prices are
independent. (For an argument for why this is so, see Chapter 7 Interest
Rate Hedging.)

By trading pure interest rate derivatives, we can generate a dynamic
hedging strategy to significantly reduce interest rate risk. We could even
trade other equity derivatives to mitigate the vega risk as well. All this
using a model that does not assume stochastic volatility or rates! How
is this possible? Generally the argument is as follows: The Black-Scholes
derivation in fact only assumed a lognormal distribution of changes of the
martingale

Sel=7sT)
Kel-7sT)

and this implies that a reinterpretation of the volatility will lead to similar
numbers to a full stochastic rates model. Second, the main risk to an option
is volatility and so the inclusion of models of the other components gives
better answers—assuming they are correct—for p and vega. However,
these corrections will be smaller than the initial contribution of including
the main driver to an option value, the martingale volatility. Thus, we
certainly would expect to decrease variance of returns by hedging the p and
vega numbers, even if the Black-Scholes model is wrong or even if we get
the inputs such as volatility slightly wrong.

The conclusion is that the Black-Scholes derivation (and risk-neutral
pricing generally) is not actually about risk-neutrality per se in its appli-
cation. It is about which risks are reduced in order to leave accentuated
unhedged risks that the trader has a view on and wants to own or arbitrage.
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Therefore the basic option versus delta-traded stock strategy is a volatility
arbitrage trade and requires the reduction of market (or delta) risk and a
view on whether implied volatility is rich or cheap versus expected realized
volatility. Or the trader could even short other derivatives that are market
neutral and have vega, leaving the trade long a volatility spread (and neu-
tral total vega). This may well be a dynamic strategy as well. The trader
has taken a view on one price of volatility (i.e., implied volatility) versus
another and is trading that spread while taking no view on the market’s
overall volatility.



Understanding the Black-Scholes
Equation

he Black-Scholes equation has many remarkable features. The important
ones are outlined and discussed in this chapter.

6.1. BLACK-SCHOLES EQUATION: A TYPE OF
BACKWARD KOLMOGOROV EQUATION

First, the final term in the Black-Scholes equation is the discounting due to
the time value of cash; if we wrote the formula in terms of the function
C'(S,1) as

s=T
C(S,t) = exp (—/ rs(s) ds) c'(S,t),
s=t
which is the option value in maturity dollars, then the last term would
disappear as
aC N $?0%9*C S(rs — 7 )BC’ B
a2 a8 TS T

It is immediately evident that it is a type of backward Kolmogorov
equation—but with the “wrong” drift term for the stock price process
because the drift of stock includes the risk premium in reality. We have
already solved this problem for drift and volatility as arbitrary functions
of time but not functions of stock price. So, for this case, from section 4.2
Analytic Formula for the Expected Payoff of a European Option, we can
immediately write the Black-Scholes option pricing formulae as

C(S,1) = Eyneurat(call payoff) = Se""'N(d, ) — KeTN(d_),
C(Sa t) = Erisk—neutml(put Payoff) = _Se(irST)N(_d+) + Ke(7r$T)N(_d—),

0.

o1
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d Kel=7$T)
+ = O‘\/T bl

In (Se( sl ) + 10°T

where the expectation value is understood to be the risk-neutral expectation
value, and volatilities and rates are to be understood as averages of their
possibly term-structured values (i.e., functions of time) taken over the life
of the options. Thus

1 t=T
=7, r¢(t) dt,
1 t=T
o? T t o (1) dt

Note the following alternative solutions to the Black-Scholes equation,

fo = Kexp(—rs(T —t)),
fi = Sexp(—rs(T — 1)),
fr = 8% exp(—rs(T — 1)) exp((o* + 2(rs — r5))(T — 1)),

which represent the first three moments of the (terminal) stock price distribu-
tion: the “zero-th” moment is the normalization, which is cash discounting
(to get a zero-coupon-bond price correct), then the first moment is the stock
forward price, always a discount to the current stock. This lines up the
forwards or calibrates the model in terms of the prices of the two products
embedded in the option. The second moment of the terminal distribution
contains the volatility (or standard deviation, i.e., second moment, of the
stock price changes). The equivalent formulae for the first three moments
that solve the backward Kolmogorov equation, that is, just the above
moments divided by exp(—rs(T — ¢)), are as follows:

8o = 15
g1 = Sexp((rs — rs)(T — 1)) = (S1)ls)=s
g =S exp((0® 4+ 2(rs — rs)(T — 1)) = (SZT)|S%=52

The first term is the normalization of the distribution, the second term
is the first moment, and it shows that the stock price grows to match up
with the “forward price” under risk-neutral pricing, while the third term
shows the growth of the value of stock squared.
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6.1.1. Forward Price

In finance, the forward price is essentially a price or an exchange rate,
agreed upon today, at which to swap two products at a later date, the
forward date. This price will clearly be different depending on risks and the
like specified in the language of the forward contract. It will also, however,
be different simply because of the discounting difference between the two
products being exchanged.

Thus the volatility measured from time ¢ to T, has expectation value

1 variance(St) 1 [<SZT>|sg:s2 - (<ST>|SU:S)2:|

e 2 =

Volatility” = (T —1) mean(S;)? (T —1) ((ST)|S0:S)2
_exp(e?(T—1) -1

= (T — 1) ’

which relates measured volatility to instantaneous volatility, because the
limit (T — ) — 0 is given by

lim volatility” = o2
—1)—0

6.2. BLACK-SCHOLES EQUATION:
RISK-NEUTRAL PRICING

Very importantly, the risk-premium A dropped out during the derivation
of the Black-Scholes equation. Compare to the backward Kolmogorov
equation, which most certainly contains the full drift term u including the
risk premium A. This drift independence, or pricing under a risk-neutral
probability measure, is the central result of the work of Black, Scholes
and Merton in the early 1970s. It is fair to say that this insight, that the
general drift of the market does not affect option prices, fueled the growth
of the option markets through the 1970s and 1980s. The expectation value
formula had been known since the early 20th century, but nobody knew
what drift to put in the formula. It turned out that the price is not the
expectation value formula: it is the expectation value with the risk-premium
set to zero. We can write

Price = E(payoff,» = 0)
= E(payoff, 1) + [E(payoff, ». = 0) — E(payoff, »)],

splitting the option price into the present value of the expectation payoff,
and another term. The price has zero variance, but the option expectation
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value has a variance. The second term is the present value (PV) of the
dynamic hedging strategy; shorting

_aC

A= —
as

shares at all times (i.e., rehedging every instant). The variance of this term
exactly cancels the variance of the expectation value to give a (zero variance,
arbitrage-free) price. The price turns out to be the expectation value of the
payoff under a risk-neutral pricing scenario.

6.3. BLACK-SCHOLES EQUATION: RELATION TO RISK
PREMIUM DEFINITION

Next we note the relation to the previous derivation of the definition of the
market risk premium A defined by

Ws = t§ — Ts + A0,

e =rs —1c+ roc,
rewrite the second equation as
ucC — (rs —rc + 2oc)C =0,
and, noting that the processes for C and S are

dS = Sps dt + Sodz(t),
dC = C/,LC dt + CO'C dZ(t),

use Ito’s lemma

o C  SateC o aC

L T TR
9C

CO’CISO'Sﬁ,

to show that the risk-neutral definition equation for the option is

wcC — (rg —r¢c + roc)C =0,

aC SZO—S; 82C aC
- T + S(pus — )»Us)ﬁ = (rg =1c)C=0.
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The risk premium has dropped out. The Black-Scholes equation is the
risk premium definition equation in the sense that imposing the Black-
Scholes equation on the prices of derivatives ensures that the processes
those derivative’s prices satisfy have an average instantaneous growth
equal to the risk-less interest rate plus the market risk premium times the
derivative’s volatility.

6.4. BLACK-SCHOLES EQUATION APPLIES TO CURRENCY
OPTIONS: HIDDEN SYMMETRY 1

The formalism here applies to currency options. Interpret the stock price
S as the exchange rate to another currency, say euros; more precisely S is
the value of 1 euro, in $ (instead of the value of one share in $). Then, the
right but not the obligation to buy 1 euro at some exchange rate K, that is,
exchange K$ for 1 euro, is known as a call on euros. The payoff is the same
as for a stock option.

However, this is the same security as a put on $, priced in euros
(more precisely K puts). To see this, we show hidden symmetry 1 of the
Black-Scholes equation.

A call on 1 euro, for K$ is priced as

C(S, T) = max(S — K, 0),

IC 028 9°C aC
CS,8): =+ ZE T S — 1) —
(S,2) T et (s 75)85

—7’$C=0,

where the $ and euro interest rate curves are rg, 7z, and the exchange rate
follows the process

ds = S//LE dr + SUE dz<t>
Let
x=1 pen=xc(Lr).
b bl - X’ ’

1
Y
aC(S, 1) e d(P(X,t)/X)

S X ’
92C(S, 1) 402 (P(X,1)/X) ;0(P(X,1)/X)
EN X X2 +2X X ’
aC(S, 1) IP(X, 1) 92C(S,1) ,0°P(X, 1)
=-X P(X,t =X :
35S ax TP, —e axz
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dP(X, 1) N o2X? 9*P(X,1)
ot 2 0X?
aP(X, 1)

= P(X,1):

+ X(rg —7s) —reP(X, 1) =0,

and noting that the process for X must be
dX = X(—ME + 0’5) dt — XO'E dZ(t),

we see that the two volatilities are the same, because the minus sign may
be absorbed into a new definition of the Wiener process. Only the drift is
different.

Thus we have the same security, described by

1
P(X, T) = K max <R - X, 0)

P ofX* 9P aP
P(S,t): — 4+ —E———= +S(rg —r5)—< — P = 0.
(8,8): S ag FSe—rs)oe e

Obviously this security is just K puts on the $ written in euros, valued in
euros, and struck at exchange rate K' = 1/K. Note that one quite remarkable
feature: Although this security is exactly the same security looked at from a
different point of view—that is, the trader who tracks P&L in dollars and
the trader who tracks P&L in euros—the delta is different. Thus

IC(S, t IP(X,t
=
9C(S, 1)  OP(X,1)

55 7 o9x

The two traders will hedge with slightly different amounts of short
euros and long dollars.

This seemingly paradoxical first glance is resolved by noting that the
two different traders track their risk in different currencies and Ito’s lemma
kicks off an extra drift term due to this. One values their portfolio in
dollars and the other values their portfolio in euros; the same (stochastic)
portfolio has a different average drift when measured in a different currency.
Mathematically the chain rule ensures the two deltas are different.

A particularly illuminating picture is as follows: After trading a euro
call option and then financing and hedging their respective positions, two
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traders have the following portfolios, each of total value zero, and written
down with values in $ followed by a valuation of Trader 2’s portfolio in
euros using the exchange rate S = 1/X;

Call on euro $ euro
Trader 1 ($) C —(C = AS) —AS
K putson $§ $ euro
Trader 2 ($) -C (C — AS) AS
Trader 2 (euro) —XC = —KP KXAx = KX% K(P — XAy)

where C is a $ denominated call on euros struck at K valued in $ and P’ is
a euro denominated put struck at 1/K and valued in euros. The prime on
the P is flagging the fact that P’ is a function of X (and not S). This shows
that, if trader 1 is U.S. based, the portfolio is long a call on euros which he
bought with borrowed cash ($) and the proceeds of a hedge that is short
euros. If trader 2 tracks P&L in euros then his portfolio is short K puts on
$, and is hedged by buying $. Thus, the two views are neatly reconciled by
noting that both traders have the same trade on except that one is long and
the other is short. One of the traders interprets the two additional portfolio
positions as financing and hedging, while the other trader interprets them
the other way round; as hedging and financing.*

6.5. BLACK-SCHOLES EQUATION IN MARTINGALE
VARIABLES: HIDDEN SYMMETRY 2

Here we take into consideration the general variable change to switch to nor-
mal coordinates, meaning that the Black-Scholes equation becomes the heat

equation. First, we change to maturity $ for the option price expressed as
s=T

C(S,t) = Kexp —/ 7s(s) ds) C'(S,t).

We put in a factor of strike, only to strengthen the idea that C' is
the number of zero-coupon bonds to which the option is equivalent. The
function C'(S,#) is a completely different function to C(S,¢) but I use the
prime notation just to remind the reader it is a “transformation” of the
option price, C. The Black-Scholes equation then becomes

aC 0§ 9*C aC

ar T2 s TS5y =0

This is the backward Kolmogorov equation for the stock price process,
which is

dS = S(rg — r5) dt + So dz(1).

*Thanks to Jeff Miller for this illumination.
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Then we introduce the martingale #1(S, t) with process

Sexp (— :tT 7s(s) ds)

K exp (— fSS:tT 7¢(s) ds) ’

dm = mo dz(t).

m(S,t) =

We find that C"(m,t) = C'(S(m),t), where C' is a function of S and ¢
while C” is a (different) function of 72 and ¢ while
el N Uzmz 82C// _0
ot 2 am?

Then finally the normal variable, another martingale x, is introduced

with process

dx = o dz(t).

This means that the function C"”(x,t) = C"(m(x, t), t) satisfies
BC/// N O.Z aZC/// B

a2 dxr

Furthermore, the initial conditions may be rewritten and we find

C(S, T) = max(S — K, 0),
C(S,t; K, T; 0,r,75) = Ke ™" 1C"(x, 1),

—rs(T—1) 2
x=In [L} - U—(T— t),

Ke s | 2
= C"(x, T) = max(exp(x) — 1,0),
8C/// 1 82C///
C'o,t): ——— + =0,

d(o2t) 2 ax?

where we have switched to showing (maturity) averaged interest rates and
volatility; without the time integrals explicitly.
This is a remarkable result. It means:

e All rate dependence, stock and strike dependence is folded into the
martingale function x—that is, a second hidden symmetry; the variable
m, is actually the ratio of the stock forward and the strike zero price

(cash forward),
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o Interest rates and volatilities show up only as their averages over the life
of the (European) option.

e The volatility shows up as a drift in the martingale x and as a scaling of
the time, ¢.

e The price can be written as a function with 7o explicit rates dependence
(an important result for later) as

C(S,t; K, T; 0,75, 15) = C'(Se™s") Ke™s" o*(T — t)).
The generalization of this result is very useful. Given a pricing equation,
eC(t) =0,

where © represents the operator corresponding to the Black-Scholes opera-
tor
0? 02 0?

0
O = —+gulx)— +gnlx t 8l X2, -
Py gl l)ax% gl 2)8x§ g12(x1,%2 )8x18x2

0
+gi1(x1, %2, . ) + - - go(x1, X2, . .),
8.76'1

with two solutions, which may be a pricing equation over many state
variables, f1(¢) and f5(¢), then any pricing solution may be written as

C(t) = fr(t)E(m, 1),

where m = % and then F(m, ) satisfies
oF 9%F
4o (m)— =0
ar T8 Mg

This can be seen because the two solutions we know, fi(¢) and f5(¢),
correspond to F=1 and F = m, and so there are no zero- or first-order
terms. The second-order term must be of similar form to the original
second-order term and can be determined by establishing the process for .

6.6. BLACK-SCHOLES EQUATION WITH STOCK AS A
“DERIVATIVE” OF OPTION PRICE:
HIDDEN SYMMETRY 3

In this sixth section, a further hidden symmetry is due to the view that the
underlying security may be the option and the derivative may be the stock.
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To see this, we need to rewrite the Black-Scholes formula as a function

S of C.
(S,2) = (S2,12)
SZS(Sz,tz); t=1b

where S, = C(S,t); th=t

_ 9 S0
39S,  9CaS
9 a 9SS 9

= —=—4 ——.
oty 8t+8t28S

Solving the last two equations to get the same functionality on

either side,
S\ 8 @
aC/) 89S, aS’
) )

9 s (as\ ' _
at, 9H \dC) 38, ot

we find that the Black-Scholes equation may be transformed to these new
variables, under the transformation

LA

39S aCc) aC’

P (SN (05\T S o
9S82 aCc/) acz aCc/) acraC’
) a  aS/as\' o
_H_—_ —_— _,
at ot 9t \aC) aC

and, in operator notation, the Black-Scholes equation becomes:

9 028 9

Z LS — r)— — (rc —
8t+ TS + S(rs 7s>aS (rs —rc),
=

9 aS[/aS\ " 9 +a§SZ S\ 7 9*  o2S2 [8S\ 0 %S 9
ar ar\ac) oac 2 \ac) a2 2 \aC) aC2aC

as\ "' 9
+S(7’$—7s)<ﬁ> E—(ﬁs—?’c)-



Understanding the Black-Scholes Equation 61

Letting this operate on what is now a simple coordinate C, we get only
the coefficients of the - terms and the last multiplicative term:

9 ols* 9? b}
[5 F B Strs — o — (rs - m} Ci8,1) = 0
H
RENED 02S* (38 328 as\ !
(ac) 2 (8C> 8C2+S(r$—rs)<%) —(r¢ —7rc)S=0.

Multiplying by 22 and noting that 20cC = 055, by comparing the

processes for S and C, this formula defines the function o¢ = o¢(C, ). We
finally obtain, after a change of sign and the last two terms reordered as

39S Clo? 92§ aS
2t 2 32t Clrs _7’(1)£ —(rs —15)S = 0.

We regain the Black-Scholes equation with a complete switch of S and
C. This is hidden symmetry number 3; the fact that the formalism can be
changed to switch the view of which security is the derivative and which is
the underlying.



7

Interest Rate Hedging

B ond prices and interest rates are not fixed. We certainly might decide to
use models with stochastic interest rates. Up to now, only stock prices
(and currency exchange rates) have been modeled as stochastic processes.
Before we do this, however, we may ask some simple questions about
options such as:

o Given that we have a model of stock options and that the value of stock
options is driven more by stock volatility than rates volatility, what
might the interest rate hedging strategy look like?

e What is the recommended rates hedge implied by the model we have?

Strictly speaking, the model we have already developed for European
options takes the volatility of the martingale—the ratio of stock forward
to strike present value (PV)—as an input. This implies that stochastic rates,
interest rates, and stock loan rates together with stochastic stock price
have already been modeled. We merely need to reinterpret the volatility
input. Now, the correct hedge is a combination of stock forward and a
zero-coupon bond of maturity equal to option expiration. The following
analysis shows how much zero-coupon bond to hedge with together with
stock forward.

7.1. EULER'S RELATION

Given a call option trading at some price with a particular strike and stock
price, consider the price of a related option with twice the strike price and
the “underlying” is two shares of stock. This means that instead of one
option we essentially have an inseparable package of two options. The price
should usually be twice the single price. In the real world, it might be slightly
less because we lose some optionality: When the prices get very high—the
strike can be more than the GDP of any one country—the money supply in
the market would be affected and the demand would drop as the ability of

62
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any single market participant to afford the higher-priced option package is
reduced. Ignoring this obviously academic caveat, we may write

C(AS, LK) = 1C(S, K).
Differentiating with respect to A and then setting it to 1, we find Euler’s

relation

3CS.K) _9C(S,K)
CIS.K) = K s .
(S, K) K T as

This result can easily be generalized to options with multiple products. It
is an extremely useful result, particularly for discussions of optimal hedging
strategies.

7.2. INTEREST RATE DEPENDENGE

From what we learned in the previous chapter (see section 6.5 Black-Scholes
Equation in Martingale Variables: Hidden Symmetry 2), the functional form
of rates dependence for European equity options is

C(S,K; 0,t,T; rg,15) = C(Se™ T Ke T 63T — 1)).

The rates here are average rates, meaning that the option is sensitive
only to term interest rates that go to maturity of the option or, more
generally, the cash flow date of the products. The sensitivity of the option
to these rates may be seen, using the chain rule, to be

9C _ 9(Ke ™) 9C  9Zg

arg  ors  a(KesT0)  arg €
aC 3(Se~rs(T=1) oC 0Zg

ars  ors 9(Se ) arg

Defining the deltas as the derivative’s sensitivity to the respective zero-
coupon bond (or “zero”) prices, that is, PVs, for each cash flow,

N __ 0C
aC
AZ:

S 7 3(SensT-0)
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However, rewriting the Euler relation as

aC(S, K) Grs(T-0 9C(S,K)
a(Kefrss(Tft)) a(Sefrs(T—tw
=ZxAz +ZsAg,

C(S,K) = Ke™s(T~

and comparing the two expressions, particularly the rates derivative of the
second Euler equation, the result is that the first-order rates dependence is
exactly replicated in a portfolio of zero-coupon bonds containing Zx and
Zs (zero-coupon bonds in different currencies or products). The amounts of
these bonds, Az, and Az, may be called zero deltas, cash flow deltas, or
coupon deltas.

The significant result is that for first-order rates dependence we can
ignore the rates dependence of the coupon deltas. These terms add to zero
as long as the Euler relation holds. The entire first-order rates dependence
is exactly replicated by a portfolio containing these zeros in the amounts
given by the corresponding coupon deltas.

Restricting to one product, U.S. dollars for example, and considering
a convertible bond (CB), which for now we merely note is dependent on
all the cash flows of the underlying bond and which is also a derivative of
all these cash flows (i.e., coupons) of various dates and because the holder
can convert to a given number of shares of a particular underlying stock at
any time,

CB(S7 Cly..+5CN; 0,1, T’ g, 1’5)
= CB/(Se T, cre7sti=0 e SN 62T — 1))

= CB(Zs; Zi,...,Zn; 0> (T — 1))
where
Z; = cie i,

Note that the first-order rates dependence is replicated by a portfolio
of zeros, one for each coupon (i.e., cash flow), with each zero having a
maturity that is the same as the coupon date—a PV that is the same as the
PV of each coupon multiplied by an amount equal to the coupon delta. It is
given by

P‘// — AZ/Z/' — Azje—rﬂi(i,'—t)

_ACB(Zs; Z4,...,AZ;,..., Zn; 0X(T — 1))
- ENA it
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PV, PV,
i Z/_ - efrg(tlft)'

Thus we now have a portfolio of zero-coupon bonds that replicates the
first-order rates dependence of the derivative exactly,

Mm=> PV,
i

This result is extremely powerful because we can hedge rates derivatives
with other rates derivatives very easily by simply using a zero-coupon
bond analysis. The algorithm is as follows: Turn all derivatives into their
equivalent zero-coupon bond portfolios and then the best possible hedge
recommendation is to hedge with this portfolio of zeros. This hedges the
derivative’s interest rate risk against all curve shape changes to first order.

7.3. TERM-STRUCTURED RATES HEDGING:
DURATION BUCKETING

The final problem to consider is that generally a large portfolio has many
cash flow dates and we do not want to hedge against every interest rate term
dependence—the reason being the cost.

A simple trick may be used. Say we want to hedge a portfolio of zeros of
many different maturities out 10 or so years and the trader wants to hedge
with only two bonds: of maturities 5 and 10 years. The two instruments’
maturities and today’s date determine three bucket dates—35 and 10 years
because the hedging instruments have their largest cash flows on these
dates—and a valuation date bucket, which means cash.

First, the hedging instruments are bonds and, obviously, bonds break
into portfolios of zeros. Now we need to fit each zero into the three buckets,
0 (valuation date), 5, and 10 years. We note that for any particular zero less
than 10 years, two zeros with maturities of the nearest two buckets’ dates,
with PVs proportional to the distance away from the original zero maturity,
will have the same cash value and the same duration as the original zero.

Z=Zl+Zz, tZ=t121+tzzzi b >t>1
L—1 I— 14

=Z=2Z , Z,=Z .
hh — 1 L —t

Figure 7.1 displays the PV of the cash flow versus time.
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AZ
Z,
e
_ Z;
Duration
l o and cash value l T .

FIGURE7.1 Duration bucketing of the present value of a cash flow into two nearby
buckets.

Similarly we can change all the cash flows in the two hedging bonds to
be duration bucketed into the three buckets, and thus represent the hedging
instruments as collections of these three zeros.

We can similarly represent the portfolio as a collection of these three
zeros. We can represent all derivatives as combinations of zeros and then
we can bucket these zeros. If any cash flows in the portfolio are longer dated
than the longest dated hedging instrument (the Nth hedging instrument for
example), the best that can be achieved is duration matching to the last zero
and adding in some valuation date cash to get the PV to match:

Z:ZO—I-ZN, (t—to)ZZ(tN—to)Zz : >IN

=h ZO=Z<1— il )

The recommended hedge is the linear solution to the requirement that
the total portfolio have no exposure to the two (forward) zeros at all. The
remaining premium is all in the cash bucket and hence the portfolio has
no rates exposure. This will uniquely determine the amounts of the two
hedging instruments to short.

Consider that the portfolio does not strictly have no rates exposure.
It just means that the hedged portfolio has the same exposure as cash,
that is, the short-term (overnight) borrow rate of cash for financing the
position. It means that this type of rates hedging is relevant for the trader or
investor who is comparing his returns to riskless short-term borrow. Also it
is not a hedge against arbitrary shape changes, just a linear hedge against
independent parallel shifts of all the sections of the forward curve between
each bucket date.

Because this duration bucketing preserves the cash PV of each zero and
the first-order rates sensitivity (i.e., duration), it complements the above

=>Zn=2Z
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Euler analysis well. That analysis also preserved the cash amount and the
first-order rates sensitivity.

7.4. ALGORITHM FOR DECIDING WHICH HEDGING
INSTRUMENTS TO USE

This leaves the last point: This algorithm says nothing about which hedging
instruments to choose. To address this requires an analysis of the correla-
tion matrix of all the various forward rates along the curve. Then, requiring
that the variance of the total portfolio be less than some fixed value will
uniquely fix the minimum subset of instruments with which to hedge from
an arbitrary set of possible instruments.



Interest Rate Derivatives: HJM
Models

8.1. HULL-WHITE MODEL DERIVATION

8.1.1. Process and Pricing Equation

Stochastic interest rates add the extra dimension of trying to model a
forward rate curve stochastically instead of just a stock price. The model
is complicated by the fact that the first point of this curve is the risk-free
(overnight, short, or spot) rate » that shows up in general risk-neutral pricing
derivations.

We proceed with a simple arbitrage-free pricing model called the Hull-
White model (following Cheyette 1992). Default-free zero bond prices Br(z)
of maturity T at time ¢ are written as

s=T
By(r) = ¢ =0,

which defines the instantaneous forward curve r(z),

d
rr(t) = 3T In Br(2),
representing the cost of borrow from time T to T + dT, that may be locked
in at time ¢. It is defined only for T > ¢. In other words, 71(¢) is the forward
curve observed at time z. The process for 7¢(¢) is what is to be modeled and
the initial value is the current forward curve (i.e., current zero-coupon bond
prices),

Now, writing a generalized Brownian motion process for By (),

dBr(t) = Br(t)[wr(2) dt + or(t) dz(1)]
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using a Wiener process dz(¢) together with arbitrary drift and volatility func-
tions ur(t), or(t), the risk premium argument still applies (see section 4.1
Risk Premium Derivation) and determines that for market risk premium A

wr(t) = ri(t) + ror(t).

At first sight this somewhat convoluted constraint might appear to be
difficult to solve consistently.

First, as in Chapter 5 (see section 5.2 Derivation of Black-Scholes
Equation, Risk-Neutral Pricing), the full derivation produces a differen-
tial equation that is not dependent on the value of the risk premium A and
so for simplicity we set it to zero.

We switch variables to find the process implied for 71(¢), expressed as

TT(t) = —aiT 1[1 BT(t)

= dTT(t> = —aiT |:

dBr(t) 1,
B —ZGT(t)dti|,

where the second term is dictated by Ito’s lemma. Thus

drr(t) = |:,u,T(t) dt + or(t) dz(t) + —%0%(1‘) dt}

0
T
3 1,
=37 |:rt(t) dt + or(t) dz(t) + —ZUT(t) dt]

dor(t)
oT

_dor(t)

oT dz(t) +

or(t)dt,

putting in A = 0 and noting that the risk-less overnight rate is not dependent
on the zero maturity. Clearly the process is far from simple. We can make
some general observations about the (integrated) process for 71(¢), that is,

s=t s=t

rT(t)=f(T)+/ 80T(s>0r(5)ds—/mdd5)~

oT oT

s=0 s=0

This model is now a one-factor model, meaning that we introduced
only one Wiener process, and so we can capture the model’s characteristics
by looking at the process for just the spot rate by setting T = :

s=t s=t

rt) = f(t) + / acgis)az(s)ds— / a%is)dz(s).

s=0 s=0
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Defining r = ,(¢) and then differentiating with respect to t, we find the
process for the spot rate, expressed as

dr = |:df +0o/(t)o, (t)+/al’(s)ot’(s)+0t”(s)at(s)ds

_ / ot”(s)dz(s):| dt — o/(1) dz(t)
=0

s=l|

where the primes refer to differentiation only with respect to the maturity
argument,
dor(t)

oT

or(t) =

and we have grouped the terms for the spot process into drift and stochastic
terms. A significant difficulty we have is valuing or simplifying the stochastic
integral in the drift term.

To proceed we have to assume that the overnight rate has a volatility
that may be written o (r, ) or, equivalently,
o/(t) =o(rt).

We also need a much more restrictive assumption on the term structure
of the volatility
F(T)
F(z)

or(t) = o(r,1)

with an arbitrary function F(T) and F(T) = 5—;. Thus

(F(T) — F(2))

orlt) = ol 1) s

and using this we can rewrite the forward curve value as
s=t s=t

rilt) = F(T) + / 901(8) 1 (6) ds — / 271S) )

s=0 s=0
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Al
Rearranging
T olrns) r(t) —f(T) [ [MnﬂT
— d = EF(T)—F d
l o date) = L [(( )= Fio) | T | s

and noting that the left-hand side does not depend on the maturity T (and
therefore neither does the right-hand side in total), we can set T = ¢ to get

olrs) . r—f) [ o(r,s) T’
_ / P 4Rl = T / (F(t)—F(s))[ F,(S)} ds,

s=l|

which in turn can be used to value the difficult term in the spot rate process:

s=t s=t

(r,8)F"(t)
— | o/(s)dz(s) = — 6/7 dz(s)
s—/O / F(s)

s=0

N e (A o(r,s)]
=F (t)( 0 )—F (t)/(F(t)—F(s))[ ) } ds
0

s=l

Substituting this into the short rate process and canceling terms then
implies that the short rate process is

d(r—f(1) = [Uz(t) + %(T— f(t))} dt — o (r,1) dz(1)

where

s=t

, o(r,s)]’
U%ﬂ=uwm2/[1wﬂ} ds.

s=0

This is a mean reverting process for the short rate (as long as % <0,
which implies that the volatility term structure is a decreasing function of

time to maturity). This is a surprisingly simple result given that the only
assumptions made were as follows:

¢ The model of bond price changes would be one factor.
o The short rate could be written as a generalized Brownian motion.
o The forward curve volatility could be written o/.(t) = o (r, )50

Py *
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The function v%(¢) is essentially the integrated variance of paths. It is
actually a term that has arisen in the same way as the extra term in

(exp(x)) = exp ((x) + %V;lr(x))

mentioned a few times before in this text.
Finally, a further restricting choice of volatility term structure can
simplify the analysis considerably. This choice is

F(t)=e™,
0'(7’, t) = 0p
where
1
T =
k

is a time scale over which the bond volatility goes to zero. Note how
this implies that the short rate volatility is constant for all times and rates
environments and that bond volatility is

Jo
k

This then decays to zero as bonds mature. Qualitatively, at least, these
assumptions are not entirely unreasonable. The biggest weakness is that
normal rates imply that negative interest rates are possible even though the
mean reverting process suppresses the likelihood of these as long as the
short rate volatility is not too large compared to the initial forward curve.
Note that the cumulative variance function is

(1 _ e—lkt)
Uz(t) = O'OZT

or(t) = - (1 =)

We have a very simple short rate process for this model, that is, the
Hull-White model,

d(r — f(1) = (*(t) — k(r — f(2))) dt — o dz(1)
for which the pricing equation for all derivatives can be expressed as

aC o 3*°C ) ac
Clr,1) : o + 2 52 + (U (8) — k(r — f(2)) +f(t))¥ —7C=0.
Note f'(¢) is the first derivative of f with respect to #. This equation can be
solved analytically in simple cases.



Interest Rate Derivatives: HIM Models 73

8.1.2. Analytic Zero-Coupon Bond Valuation

For zero-coupon bonds we write x =7 — f(¢) and then the process and
pricing differential equation are
dx = (V*(t) — kx) dt — o, dz(2),
0B o20B 9B B
E"' D 9 + (v (t)—kx)a —(x+f(t)B=0.
S=T
Then writing Br(x, ) = exp (—aT(t)(x) —br(t)— [ f(s)ds), we find
S=t

that the two functions must satisfy

2
_ abT(t) + O-_OaT(t)Z — Uz(t)aT(t) = O’ bT(T> = O’
ot 2
which implies
ar(t) = %(1 — e KT

and thus

S=T
Br(r,t) = exp (—aT(t)(r —f(8)) — br(z) — [ f(s) ds) .

This means that the t =0 bond value is just By(r =f(0),0) = exp
T

(— [ f(s)ds |. We have a one-factor model that is an almost mean-reverting
t

to the forward-curve short-rate process model that has the following
features:

e The corresponding bond price process is arbitrage free (and hence the
extra drift term v?(¢), which breaks the otherwise exact mean reversion).

o All bond prices, at time # = 0, are inputs. They are fixed using the current
market prices and this implies an initial forward curve, f(z).

o The process for f(t) results in intermediate bond prices given by a variety
of possible short rates 7, but at maturity the bond price is exactly 1.
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o The short rate has constant volatility oy, and the bonds have a long-dated
volatility limit of oy/k, (equal to short rate volatility multiplied by a scale
factor of time, 1/k) that decays (over this scale factor of time) to zero as
we go to maturity: or(t) = (1 — e ),

o These two parameters oy, k, are the model inputs.

o The forward curve value is

rr(t) = f(T) + ;—/i [(e7T = 1) — (e —1)]

s=t

—ooe*k‘T*”/e*’““*s) dz(s).

s=0

o The average future values of the forward curve are near to the current
forward curve—as we ride up the curve—but the second drift term takes
the mean away from the exact current forward curve.

e The modes added to the forward curve as we go through time are
exponentially suppressed as a function of distance along the curve,

2
dre(t) = G—O(e_k(T_t) —1)e T dt — gpe KT dz(t).

k

That is, the spot rate has standard deviation oy while the forward rates

have a suppression of their standard deviation, ope *"~7,

8.1.3. Analytic Bond Call Option

An analytic expression for simple European call options, of maturity T

(where 0 < T} < T), and strike K, on the same zero-coupon bond of maturity

T we note that for

_ Br(?)
By, (t)

Here m has a complicated process. But if we write the price of a call option
as a product, expressed as

m

C(T, t) = BT1 (7’, t)F(ms t)s
we find that F(m, t) satisfies

oF  mPol ©°F
ot 2 am2

(&)

k

0y = lor(t) — o, ()] = - (e M7 — 7HT0),
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This result is nearly obvious without doing all the algebra because the
pricing equation written with 7 as the state variable has Br(¢) and Br, (¢)
as solutions, which correspond to F(m,t) = m and F(m,t) = 1. Thus the
equation of motion determining F can have only a second-order term, and
this is determined by the process for m. The process for m1 is, not forgetting
the Ito’s lemma term,

_dBr(t)  Br(t) Br(t) ,

M= B B ent) T g o

= ma%l(t) dt +m(or(t) — or, (2)) dz(t).

The call option value is therefore writable using the Black-Scholes
formula with the usual variables, BS(S, K, T, o, 75, *sock ), as

C(Ta t) = BT| (t)BS(Wl, K: Tla Oy 03 0))

" — Br(t)
Br,(2)’
1
) 1 i/Tl Z(t)dt ’ %o ( —k(T—Tkg) 1) 1 — ek
"= = (e 1)/ =
Nerd WG 3 2k
t=0

where the formulae for the bond prices are written explicitly in the previous
section (see section 8.1.2 Analytic Zero-Coupon Bond Valuation).

For a fuller discussion of martingales, see section 6.5 Black-Scholes
Equation in martingale Variables: Hidden Symmetry 2.

8.1.4. Calibration

Finally, note that calibrating such models contains an inherent ambiguity.
It is due to the risk-neutral pricing paradigm. The pricing equation above
corresponds to not one short-rate process but a whole (infinite) class of
processes, namely, all processes of the form

dBr(t) = Br(t)[(r.(2) + Mt)or(2)) d + or(2) dz(t)]

dor(t) dor(t)
T dz(t) + oT

for any value of the market risk premium A. Even if this value itself has
a stochastic process, the pricing equations and any formulae then derived
are invariant. This remarkable feature, however, means that determining
the process for the yield curve from analysis of actual data is very hard
because separating the stochastic components of the curve from (possibly
even stochastic) movements of the drift is very difficult.

& dr(t) = — (or(t) — A(t)) dt
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8.2. ARBITRAGE-FREE PRICING FOR INTEREST RATE
DERIVATIVES: HJM

The Hull-White model is a very simple example of a Heath-Jarrow-Morton
(HJM) model after their seminal paper on these ideas (Heath, Jarrow, and
Morton, 1992). These models address the issue of risk-neutral pricing and
the resulting special drift term discussed above that shows up in the pricing
equation for such models.

The basic question addressed by HJM is: What restrictions must be
imposed on the dynamics of the term structure of interest rates that are
consistent with arbitrage-free pricing and an arbitrary initial forward curve?

The process for the forward curve is assumed to be writable as the
stochastic integral

rr(t) = f(T) + Z/ ds+2/ ) dz ()

where 71(¢) is the instantaneous forward rate from time T to T+dT observed
at time ¢; f(T) is the same forward curve observed at time ¢ = 0; dz;(¢), for
i =1 to n, are n independent Wiener processes, and o(f) and X%(¢) are
smooth functions. Ideally we would like to set the function X%(¢) to zero to
get a simple model of rates. But the central result of HJM is that this is not
consistent with arbitrage-free pricing.

Consider first the following definitions. The spot rate process 7(¢), given
by 7,(¢), is implicitly defined by the stochastic integral

"t) = 1) + Z / s)ds + Z / s) dzi(s)

the value of a money market account of value 1 at time ¢t = 0 is

and the time ¢ value of a zero-coupon bond of maturity T is

s=T

Zr(t) = exp —/rs(t)ds
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Note that any initial zero-coupon bond prices—the forward curve
observed today—are completely freely specifiable, and may be expressed as

s=T
Zr(0)=exp | — [ f(s)ds
!

This curve is the input to HJM models.
The processes for the forward curve and spot rate are derivable as

drr(t) ZE dt—i—ZaT t) dz;(t)

=1

i=n

d i=n . i=n S:tazi = s:ta i
dr= |0y mn+ Y [ ur 3 [P0 o | ar
i=1 i=1 7 i=1 .2,

s=

+Zo 1) dzi(t)

The zero-coupon bond price process is then derivable as

dZ:(t) = Zr(¢) |:{r(t) + O} dt + ia;(t) dzl-(t):|

i=1

where

Now arbitrage freedom (see section 4.1 Risk Premium Derivation),
applied to the traded zero-coupon bonds, dictates that this term must be
equal to a sum of constants times the various volatilities of each bond that

trades

) = i al-(t)x
i=1
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Furthermore, for pricing (see section 5.2 Derivation of Black-Scholes
Equation: Risk-Neutral Pricing) we may set the values of these constants to
zero, that is,

s=T 2 s=T

/asi(t)ds —/Z;(t)ds =0,

=t s=t

i=n

2

i=1

N =

and so (differentiating with respect to T') we find that one possible solution is

s=T

Th(t) = /a;(t)ds o).

=t

Noting that /() = 0, the spot rate process simplifies by losing one term:

e STzl L Sn T ) S
ar=| g2 / LIS [ e dale) | doot Yol dato)
=ls=0 =ls=0 =

For one-factor models of the forward curve, we might find the spot rate
process and use the spot rate as a state variable. This is what happened
in section 8.1 Hull-White Model Derivation. For two-factor models, we
might find the process for the forward curve (short-end) slope, expressed as

and use 7(t) and g(¢) as state variables and derive a pricing equation in the
two variables 7 and g. Models with higher numbers of factors or stochastic
drivers may be constructed similarly. Often Monte Carlo methods are used
instead of pricing differential equations because the numerical solutions to
higher dimensional partial differential equations can be prohibitively slow.



Differential Equations, Boundary
Conditions, and Solutions

9.1. BOUNDARY CONDITIONS AND UNIQUE SOLUTIONS
TO DIFFERENTIAL EQUATIONS

We should briefly make an important aside. The main question to consider
is this: How many boundary conditions are required to uniquely specify a
single solution to a given specific differential equation?

Second-order differential equations, meaning equations that contain
derivatives no higher than second derivatives, fit into three types and they
are, with examples:

e Elliptic differential equations such as the Laplace equation:

e Hyperbolic differential equations, the wave equation:

°f L Of L 0
a2z x> 9y? N

e Parabolic differential equations, of which the heat equation is best
known:

of | of o
S T I A )
8t+8x2 8y2+

In each case the ellipsis dots signify other functions and terms not
containing derivatives higher than second derivatives.

79
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To classify differential equations in two variables, write them as

0f of Rf . (of of N _
a2 + 2b(x, )8x8 + c(x, if)8 > +g<8x,at,x,t>_0.

L(f) = alx, 1) —

Then change variables to find the normal form, i.e., switch to a new
coordinate system that makes the coefficients of the second-order derivatives
into simple numbers, and three types emerge as follows:

1. Elliptic if a(x, t)c(x,t) — b(x,t)* > 0 (e.g., Laplace equation)

2. Hyperbolic if a(x, t)c(x,t) — b(x,t)* < 0 (e.g., wave equation)

3. Parabolic if a(x, t)c(x,t) — b(x, t)> = 0 (e.g., heat equation and Black-
Scholes)

To get a unique finite valued function f as a solution to

o*f 0*f 0%f of of _
a(x, t)ﬁ + 2b(x, t)axat + c(x,t)w +g <8x’ 8t’x’ > =0

over a region S, of the (x, #) plane, bounded by 39S say, requires the following
in each case:

e For elliptic, an arbitrary (boundary value) function specifying the value
of the function f all the way around the closed boundary of the region S.

e For hyperbolic across one space-like slice (e.g., x = 0), the function f,

and its derivative, af, need to be specified, and the same along the time-
like boundaries of the region. This determines the function uniquely in
a wide region forward and backward in time. (This region obviously
needs to include the required region of uniqueness, S for the function, f.)

e For parabolic, an arbitrary (boundary value) function along any three
sides of the region (e.g., f(x, T)) over x at time T; f(+R, ) over ¢ along
the upper edge of the region; and f(—R,t) over ¢ along the lower edge
of the region solving the differential equation subject to these boundary
conditions uniquely specifies the function within the region and along
the remaining side ¢ = 0.

Furthermore, we can interpret these conditions.

1. Elliptic equations are the spatial part of a 2-D (or more) heat equation
with no temperature transfer. Thinking physically in 2-D, if we specify
the temperature around the edge of a piece of metal plate, then after a
long time a steady-state temperature distribution over the whole plate
is reached. This temperature distribution is unique and corresponds
to the unique solution of an elliptic differential equation.
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2. Hyperbolic equations describe wave propagation, and we need to
specify the amplitude and the gradient of the wave at time ¢ =
constant, and then the wave propagates out at a speed that is implicit
in the equation.

3. Parabolic equations are the most general heat equation with diffusion.
If we specify the initial heat distribution at time ¢ = 0 over some region,
together with the temperature (or heat transfer, i.e., temperature
gradient) at the edges of the region at all future times, then the
temperature distribution over the region at all times is unique.

These are special cases of the so-called Cauchy problem, finding solu-
tions to differential equations given boundary conditions. There are more
solutions if we allow the functions to diverge at points within the region R.
These functions, however, generally do not have much relevance to finance.
Here we focus only on parabolic equations (the heat equation) in finance
due to the stochastic nature of the processes used to model security prices.

Much effort, of course, has been expended on solving differential
equations, particularly of second order, in the last three centuries and many
textbooks are available with varying depths of detail. A good general text is,
Methods of Mathematical Physics by Richard Courant and David Hilbert.

9.2. SOLVING THE BLACK-SCHOLES OR
HEAT EQUATION ANALYTICALLY

9.2.1. Green's Functions

The analytical solution (i.e., integration) of differential equations requires
the development of tools to help us. Two of the most useful follow. First,
let us discuss the Black-Scholes (heat) equation in normal variables in one
spatial dimension, expressed as

of o* o
— + ——==0.
ot + 2 0x2

If we are given the boundary conditions, beginning with the terminal
price distribution or initial temperature,

f(xa T) = fT(x)a

we then note two properties of the following function:

. _ 1 (x — x7)?
Ple,xr, T) = 270 X(T — 1) P [_ZGZ(T—t)]'
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It solves the equation (in x and t); and at time ¢t =T it is a Dirac
delta function. These two properties mean that it may be used as a Green’s
function or propagator. The result of the (convolution) integral is

Flay 1) = [ T falen)Plox, £ %0 T) dr

=—00

which solves the heat equation everywhere because P does and at time ¢t = T
f(x,T) = fr(x)

because P is a Dirac delta at this time. Note that there are boundary
conditions at x +> oo for all intermediate times. They are implicit in the P
solution. In fact, there are other solutions besides P that are Dirac deltas at
t = T, but not zero at x — Zoo.

We already used this method to obtain the Black-Scholes formula in
Chapter 4 (see section 4.2 Analytic Formula for the Expected Payoff of a
European Option). Formally, a Green’s function for a particular differential
operator, say L, satisfies

L(x,y,y ... 8)G(x — X0,y — Yo, - - s £ — 03) = 8(x — x0)8(y — yo) ... 8(¢ — to),
which implies for this equation that

82G(X — X0, t— to)
dx?

BG(x — Xo, L — to)
ot

2
"7 = 8(t — £0)8(x — xo).

Solving this (by 2-D Fourier transform, see Appendix B), it can be
shown that

Glx,t: %0, T) = H(T — 1) (x — xr)? } .

- exp| AT
2702(T — 1) P [ 20%(T —t)
Where H(x) is the unit step function

1x>0
H<x>={oﬁio’

and thus the Green’s function is defined only for ¢ < T.
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9.2.2. Separation of Variables
The second method is to look for a solution to
of o?d*f
ot T 2w 0
of the form
flx,t) = W(x)O(z),

which implies
1 00(t) 1 9*W¥(x)

o) ot  W(x) ox?

This can be solved only if both terms equal a constant, say k2. That is, we
have separated the variables,

00, (1) _ o?
at (Tkz) Oult)

32 Wy(x)
0x2

= —kzlllk(x).

The solution
fr(x, 1) = Op(t) W (x)
20207
= exp [—W} explikx]

solves the heat equation for all k: —0co0 < k < 00 and so we can find a
solution, subject to the boundary condition if we can solve

1 k=00

flx,T) = fr(x) = =) fr(k) exp(ikx) dk
because the full solution is then
k=00 252 _
flx,t) = —;n - fr(k)exp <ikx _ ok (ZT t)) dk.

The solution is thus obtained by (1-D) Fourier transformation of the
boundary function and then inverse (1-D) Fourier transformation of the
product of this and the function

_olkz(T — t)}

O(2) = exp |: 5
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Again, there are boundary conditions implicit at large +x. Note that
the Fourier transform of the call option payout is

= In(S/K) + (r$ —Tq — %) (T —1t),

1 xX=00

NG .

max(e® — 1, 0) exp(—ikx) dx
=/ p

. K X=00
N V27T x=0

fr(k) = fr(x) exp(—ikx) dx

(e* — 1) exp(—ikx) dx

K (-1 +1’>
_«/27-[ 1—ik k)

Thus the Fourier transform of the Black-Scholes call option formula
immediately follows

. K -1 i o?k*(T —t)

Clearly, this is probably not the easiest method to use for the case of the
Black-Scholes equation! Nevertheless, the inverse Fourier transform does
give the Black-Scholes call formula as

k=00
C(x(S,K, T —t,o,rg,75),t) = \/% C(k, T — t; K) exp(ikx) dk.
7 Jr= oo

9.3. SOLVING THE BLACK-SCHOLES EQUATION
NUMERICALLY

9.3.1. Finite Difference Methods: Explicit/Implicit Methods, Variable
Choice

Let’s rewrite the Black-Scholes equation

dC o0°0°C aC
—+78—+(7’$—1’5—?)§—7$C=0,
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in discrete form on a (time and stock-price space) grid as

(Cij — Ciz1y) ‘7_12; (Cijs1 —2C;; + Cijy)
(t,' — t,'_1) 2 (X/+] — x,-)(x,- — x/_1)

o2 (Ciivr — Ci))
—+ 1’$;,' — Ts.; — A i b — 7’$C,~,- = O
< S 2 ) (X1 — %) (x; — x-1) !

This may be written

Ciaj=Cij+(ti —ti1) |:—/( AR i+ Cim)

2 (o — x5)(x — xj-1)

o2 (Ciivh — Cii)
+ 1’<i—1’»i—i bl l —TCi'
( ) ) (S =SS —80)

= pi1Cijr1 +0;Cij + pi-1Cija.

Thus we find an algorithm to solve this parabolic second-order dif-
ferential equation in two variables by moving one step backward in the
time direction iteratively. The formula is a linear combination of the three
nearest points at the current time-step. Generally, the algorithm consists of
specifying boundary conditions on the three sides of the grid and then using
this iterative method to find a numerical approximation for the solution on
the third edge of the grid. It is obviously very simple and straightforward.

This is not the only way to discretize the differential equation. We could
symmetrize the drift term (or eliminate it by choosing drifting variables)
and, more importantly, we could value the spatial derivatives at time i — 1
instead of at time i as we did here. We would get a formula in this case that
has the form

Pi1Cicrj + p;Cicay + i Cinjoq = Gy

Now the previous simplicity is replaced by the requirement to solve
a linear set of equations at each time-step. Methods like these are called
implicit methods and the former are called explicit methods. It turns out that
implicit methods have much better convergence properties and require fewer
time-steps and therefore are of higher speed for the same accuracy level.
Explicit methods are much easier to implement, maintain, and develop. For
complicated financial derivatives, such as when the boundary conditions
change every day, the extra speed usually obtained in implicit methods does
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not help because the security’s specs require testing at every time-step. (See,
for example, section 9.3.5 American Exercise in this chapter.)

The first question to consider is this: Does this method converge to the
full solution of the differential equation? Second, are we constrained in how
we choose the weights—given that there are many ways to discretize the
equation?

Applying the central limit theorem, we can test for correct convergence.
We focus on the fully explicit method only. Any solution may be obtained by
summing the components of the Fourier transform of the payout multiplied
by a propagator function for each component (as discussed in section 9.2.2
Separation of Variables):

Payout = f(x,T) = de‘l’k(x),
k

Full solution = f(x,t) = Z afr(x,t);
k

fe(x, 1) = Op(t) Wy (x);
ok*(T — 1)

O(t) = exp[—rs(T — t)] exp |:— 5

+ ik(rshort - 02/2)(T - t):| 5
W, (x) = explikx].

Now, put each component on the grid above and write the propagation
formula in the following way for simplicity as

Cio1,j = exp(—=rsAt)(pj+1Cijr + p;Cij + D=1 Cija).

After one grid time-step, the Fourier components of the payout function
are transformed as follows:
fk(xia T)= CXP(”@C;')

filx;, T — At) = explikx;) exp(—rs At) (1€ + p; + p;_1e7*5%).

Utilizing the central limit theorem (see Appendix A: Central Limit
Theorem-Plausibility Argument), and assuming that the sum of the weights
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is 1, we find the limit of N — oo grid time-steps,

fk(x/> T) = CXP(ikxi>a

y=+00 1
» T = NA#) =5 exp(—rsNAt N2 DN
flx; ) — exp(—rsNA?) o VIRTIN
(y+ I\U\/I)2 .
exp <_W exp(ik(x; —y)) dy
2%12
= exp(ikx;) exp(—r¢NAt) exp[ikMN] exp [_k 22 N] >

M = (pj11 — pj-1)Ax,
%2 = (pjp1 + pj1) Ax? — M2,

with the caveat that the grid must have even spacing in x-space, otherwise
the central limit theorem would give a different limit. (The central limit
theorem picks out the variables where the state density is constant.) For
example, here we used a grid evenly spaced in In(S) space. This resulted in
a normal distribution of stock returns and, correspondingly, a lognormal
terminal stock price distribution. But if we used a constant grid-spacing in
stock price space, we would get normal stock prices in the limit of step size
goes to zero. This is obviously a very important issue because it might look
like the differential equation is being solved by discretizing but the limit
solves a different equation.

Furthermore, comparing the full solution and this central limit result
after many time-steps, correct convergence requires that as the step sizes go
to zero

Pis +0j+ P =1,

l.k(pfurl — p/,l)NAx = +ik(7short — UZ/Z)NAt,

k*N k2N At
{(Pjr1 + Do) AX* = [(pjs1 — pj-1) Ax]*} = e

-2 2
or
Pis1 + D+ P =1,
(P;’+1 - pi—l)Ax = (rshort - Uz/z)Ata
(Piv1 + Pio1)Ax* = o> At + O(AP).
N L. O(ar)
where O (A#) is a term that goes to zero as A#. i.e. lim =N 0 for

any m.
These constraints are the first three moments of the distribution. So, in
summary, if we apply the first three moments as constraints on the weights
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and make sure the grid is evenly spaced in normal variable space, we get the
solution to the differential equation in the small grid-step-size limit for each
Fourier mode of the terminal distribution and therefore for any terminal
distribution.

Now, we will actually choose the three weights, p;;1, p;, pj-1 as follows:

Ci1; = exp(=rs At)(pj+1Cijr1 + p;Cij + pj-1Cijm),
C(S,t) = Kexp(—rs(T — 1))
= 1 =pj1 + 0+ Dj-1;
C(S,2) = Sexp(—rs(T — 1)) = Sexp(—rs(T — 1)) exp(—=7spon(T — 1))
= et = ety + P,
C(S,t) = S exp(—rg(T — 1)) exp(o*(T — t) + 27gpon(T — 1))

2At42 At 2A. —2A
= ¢ M =P e A+ e

where 7y, = 75 — s and S = ¢*.

Choosing the weights this way results in special properties. These are the
first three moments of the stock price change distribution and they agree with
the constraints above to first order. Note that this choice means that cash and
stock forwards are valued exactly no matter how few time-steps are taken.
The last constraint calibrates the stock price second moment, i.e., volatility.

We choose to do this instead of using the moments in stock-price-
return space because these constraints are much more useful for finite step
sizes: most derivatives are “‘simple” functions of stock, like stock options,
not simple functions of In(S). Further, the time slice boundary conditions
(the three sides of a region require boundary conditions for a parabolic
second-order differential equation) are consistent with this because, for the
majority of derivatives, the boundary conditions are a linear sum of stock
forwards and zeros. For example, the solution for stock call options deep in
the money is

C(S, 1) S—;Sexp(—rs(T —t)) — Kexp(—rs(T — t)).
The solution for the weights is
pio1 = (—ae“ + e%ﬁ> /det,

P = (—ae >+ e p) /der,
pi=1—=pj1—Dj-1s
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where
a = 2sinh(Ax)(e* — 1),

A
,3 = 2sinh <Tx> (e(al+2rshon)At _ 1>’

det = 2sinh(2Ax) — 4 sinh(Ax).

Note that the process drift cannot be too great, to ensure that the
average stock price drift for one time-step lies within the three nearest space
steps. This gives a lower bound on the space step sizes, expressed as

Ax > (r — rg)At.

Finally, note the much simpler formulation in drifting variables and

maturity dollars:
aC  o%9d°C
—+——=0.
at 2 ax?

The three simplest moment constraints are as follows:

Cic1j = (01 Cijir + 0;Cij + -1 Cij) -
moment 0: C(x,t) =1=1=p; 1 +p; + pj-1,
moment 1: C(x,t) = x = x = piy1(x + Ax) + pix — pj_1(x — Ax),
= Pji+1 =PDj1
moment 2 : C(x,t) = x> +o*(T —t) = 0’ At = p,-HAx2 + p,-,lez,
oAt

= Piv1 +Pj-1 = A’

oAt
Pipr =Pj1 = AR

oAt
Ax?

pi=1-
For stability, the weights all need to be positive, thus
Ax* > o> At.

This means that for a given time-step we want the space steps to be
separated by at least one standard deviation (less than this and the diffusion
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will not occur smoothly). There is no upper limit on time-steps due to the
drift of the process as before.

9.3.2. Gaussian Kurtosis (and Skew = 0), Faster Convergence

We still have the freedom to choose the size of the stock price space grid-

steps and the time grid-steps. We may ask: They both need to go to zero to

get the correct limit, but can we choose a relation between them to get faster

convergence? Von-Neumann stability mode analysis provides an answer.
Consider the simpler driftless equation of motion first.

aC  o?9’C

—_—t —— = 0’

ot 2 0x?

Ciij = (pj+1Cizijyr + 0 Cicrj + pima Cisajor )y
oAt oAt

Piv1 = Pj—1 = A’ pi=1- A

Look for a mode on the grid of the form, that is,

G = g,
o2 At
b=3ae

¢=1-2p+2pcos(kAx) =1 —4psin’ <k%> )

We find that

T

kAx\T*
. % T _ .2
am ¢¥ = [1 Apsin (—2 )}

p=const. p=const.

r 1 o2 k2ALTH k2o?T
= lim — = —
At—0 2 exp 2 b

p=const.

which is the correct limit, but we can ask whether we can force convergence
to be faster with a particular choice of p. Expand the mode to find

¢ =1—4psin® <k%)

(kAx)*
12

=1-pk’Ax* +p + -



Differential Equations, Boundary Conditions, and Solutions 91

and compare to the expansion of the full solution,

( /&:W) Ro*Atr 1 (kzozAt>2
exp | — =1- + = +

2 2 2 2

The first term tells (reminds) us that
Y
b= 2Ax?’

while the second term can be matched (for faster convergence) if

The interesting thing about this is that the first four moments (including
skew and kurtosis) of the individual steps are as follows:

1) =p+(1—-2p)+p=0
(Ax) = pAx —pAx =0

(Ax?) = pAx* + pAx* = oAt

(Ax?y = pAx® —pAx® =0

(Ax*) = pAx* + pAx* = 2p(a* At)
Skew and kurtosis are defined as

{((Ax — (Ax))*)

((Ax — (Ax))?)372

((Ax — (Ax))*)
((Ax — (Ax))*)?

skew =

kurtosis =

and they are 0 and 3 respectively, for a Gaussian distribution. This implies
that

P=g'

The von Neumann stability analysis gives the result that faster conver-
gence occurs if we match Gaussian kurtosis (and skew) by adjusting the
space-step size depending on the time-steps, such that

1 2 1
Pir1 = % pi= 3’ pi-1= g;

Ax = o+~ 3AtL.
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Returning to the nondrifting grid and looking for a mode of the form
C,; = ¢ e, we find
Cio1j = exp(=75At)(pjs1Cicr i1 + PjCicrj + pim1Cicij1)s
pi1 = (—ae“ +e¥ ,8) /det, P = (—ae‘“ +e ,3) /det,
pi=1—=pp1—pi1;
o = 2 sinh(Ax) (e’ — 1), B = 2sinh (%) (e F2rshor)dt _ )
det = 2 sinh(2Ax) — 4 sinh(Ax)
= ¢ = exp(—r5AL)(p1€* + pj + piore” ) = exp(—rs AL)Z.

The full solution shows for one step:

21,2
[ = exp[—rsAt] exp |:—U szt + k(7 shore — 02/2)At] explikx]

and this is the limit for grid steps going to zero.

For finite grid step size, however, we can improve accuracy if we
compare the small step expansion of the two results for one time-step. (See
Appendix C Expanding the von Neumann Stability Mode for the Discretized

Black-Scholes Equation.)

= eXp(_r$At)§03

242 2
§0=1+<_02 +lk (rshort_%>> At
1 ok . o2\ \’ )
+z(_ 2 +lk (Tshort_7>> At

1/1 o2k2\* . 213 o?

*z(@‘l)K 7)o (=)

2 2
+o2k? <3rs,m + %) +io%k (er,w,, + %)} AP

+ O(AP).
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The full solution tells us that this should ideally read as

2p2
S =14 (—02 + ik (T oporr — 02/2)> At

1 252 2
+3 <—"2k + ik (rgpon — 02/2)> AP + O(AF).

Clearly, the same result is obtained,

So, for a particular number of time-steps (which determines the time-step
size), we have a best accuracy space-step size, expressed by

Ax = oV 3AL.

As long as the drift is not too great the weights will always be positive:
o = 2sinh(Ax)(e™ — 1),
A

B = 2sinh <7x) (el F2rshon) AL _ 1),

det = 2 sinh(2Ax) — 4 sinh(Ax);

pi-1 = (—OleAx + e%ﬂ> /det,

Pt = (—ae ™ + e p) /der,
pi=1—Dpjs1 — pj-1.

If any of the weights are negative, then the selection of the three relevant
grid points is not correct due to high drift. In fact we see there is an upper
bound on the time-step size:

Ax > (r —rg) At
=
V3Ato? > (r —rs)At
=
302

At < .
(r—rs)
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If this condition is not satisfied—low volatility calculations or high rate
environment—then the three points closest to the drifted stock price should
be used and the weights rederived. This will give a new nonnegative set of
weights.

9.3.3. Call/Put Options: Grid Point Shift Factor for Higher Accuracy

When valuing an option on a grid, for example a grid in x-space where

2
x— r$7r‘7°—>(T7t)
S=Ke ( v

with a grid in place,
x=0B0+nAx 0<d8<l,

then, due to imposing Gaussian kurtosis on the weights of a trinomial grid
(see section 9.3.2 Gaussian Kurtosis (and Skew = 0), Faster Convergence),
we know the value of Ax satisfies

Ax? = 302 At.

This ensures fast convergence on the trinomial grid for every Fourier
component of the payoff, given a particular value of the time-step At
(see section see section 9.3.2 Gaussian Kurtosis (and Skew = 0), Faster
Convergence). Furthermore, this ensures Gaussian kurtosis for each step.

However, we may still ask the question, what is the optimal grid
positioning around the strike of the option, namely, what is the optimal
value for §?

If we find the Fourier transform of the solution on the grid and compare
it to the Fourier transform of the exact solution, then it becomes apparent
that a particular value of § gives more correct behavior for large wavelength
Fourier components and thus greater accuracy for the answer. So consider
the payoff f(x) and its Fourier transform on a grid,

f(x) = Kmax(e* — 1,0),

1 x=+400 =700

= Y Axd(x — (8 +n)Ax)e™(¢" — 1)H(x) dx
T Jx=—c0

n=—0oo

f(k)

where H(x) is the unit step-function; value 0 for x < 0 and 1 for x > 0. We
have inserted a lattice function and thus the inverse Fourier transform will
reproduce the values of the function only at the grid points, but its long
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wavelength, that is, Ax — 0 limit will be the same as without the grid. The
result of the integral is

f(k) =

1 Axe’™ Ax
V27 |1 —ell-iax 1 — pmikix

In the Ax — 0 limit, we get

. 1 -1 i
tm 0= = [ 1)

This is the Fourier transform of the payoff (without a grid). Now
consider the case where Ax > 0 and expand the Fourier transform on the
grid in powers of k, that is,

Axe’™  Ax

Now the correct Fourier transform has expansion in k,

payoff(k) = 7 — 1+ O(k)

and therefore, because the behavior of the Fourier transform at small values
of k corresponds to large x behavior of the solution, a more accurate
solution results if we choose the grid positioning relative to strike as
implicitly determined by choosing Ax to make the second-order terms

match
’ Axe®™ Ax

— — — +5Ax = —1.

[—en 2 708

This is the principal result. However, consider the fact that for most

grids Ax << 1 and so we can expand in powers of Ax. We find the
following;:

§ = 8o+ Axd; + O(x?),

_1

0—2 \/ﬁ’

b= -
36

The result for a put gives exactly the same answer for 8, but +<- for 8.
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9.3.4. Dividends on the Underlying Equity

If a dividend is to be paid for holders of a stock on a future date, this
will cause call options on this stock to be of lower value—all other things
being equal. One justification for this is that the riskless hedging strategy
requires paying the dividend on the short stock to the stock owner. Another
view is that any derivative with an embedded stock forward (such as a call
option) is less valuable because, even though the holder does own the stock
at a future (expiration) date, the holder does not own any dividends paid
between today and the expiration date.

One way to model dividends is to assume that the date and payment
amount (as a currency amount or as a percentage of the stock price) of
the dividend are known ahead of time with complete certainty. The stock
price is modeled as “gapping” down by the exact amount of the dividend
across the dividend ex-date; the first day on which the stock trades without
the dividend. The caveat we are forced to note is that if the stock trades
at a price less than the dividend, it is assumed it jumps to zero. To model
derivatives on this stock, the price curve is shifted by the dividend amount,
expressed as

C(S, 1) :

Cofter dividend(S(1 — prop) — div, divXdate) :
S~ div
iy / — (1=prop)
Cbefore dll/tdend(S, dlUXdate) - Cafzerdim‘dend(o, P = dlUXdClte) .

div
<
§ =< (1—prop)

where prop is a dividend payment proportional to the stock price, and div
is a fixed dividend in the currency of the stock. The result is that (going
forward in time) as the holder crosses a dividend X-date, the stock price
gaps down by the dividend while the derivative does ot change price.

NOTE ON CALIBRATION

Volatility inputs to these models will be defined as stock price changes
without dividend jumps. This is a significant fact because including
dividend jumps can lead to much higher volatilities and, most often, the
historical volatility calculators used by practitioners include dividend
jumps.
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9.3.5. American Exercise

American exercise means that an option is written where the buyer can
exercise at any time from purchase date to expiration date (In contrast
to an American exericse, European is defined as the holder being able to
exercise only at expiration and not before. So far all discussion in this
book has been in regard to European exercise). At every instant the option
holder has a choice to hold the option or exercise. This will require an
analysis with multiple embedded option valuation. Here we discuss call
options.

On a grid, the valuation algorithm for call options is as follows: At
expiration the price payout function is max(S — K, 0); then propagate this
price distribution backward in time, one time-step; then take the maximum
of this result (the “hold” value) with

Parity = max(S — K, 0),

then continue this iteratively. This is a rational exercise valuation. The
holder maximizes his value by choosing between holding and exercising.
An exercise boundary is generated, S = S,(¢). This is called a free-boundary
problem.

Another formulation is to specify a forced exercise boundary, say,
S = S(¢), where the option price is fixed as parity as a boundary condi-
tion. This is like a “call” schedule in convertible bonds or warrants. Then
the price may be considered a function of this entire boundary function,
that is

C(S,t, T [S(2))).

The American (free) boundary is the stationary point of this expression
that maximizes the price as a function of each point on the boundary;
everywhere below the boundary the solution to the Black-Scholes equation
is the American option solution, expressed as

g(ti) = S.(t) : 9C(S,t, T; S(t;)g,(f()tz), .o S(tN)) _0

for all 7. This is written in the shorthand of functional analysis as

& =0.
5S(2)
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Analytical approximations to the result of the American option problem
have been worked out; the Whaley formula is one of them.*

Here we note the following: At the boundary, delta is continuous
because if it were not we could move the boundary point and increase the
price, just below the boundary. Thus, along the boundary, and as the limit
from below,

CAS, )55, = Su(8) — K,

aC(S, 1)
aS

=1.

S—S.(t)—

Everywhere above the boundary,

aC(S,t 92C(S,t
CS. Olssg =S5 —K, CGSIE oy TUSD
N §>8.(2) N §>8.4(1)
and so, as the limit from above
C(Sa t)|S4>S*(I)+ = S*(t) - K:
9C(S, 1) _ 3%2C(S, 1) _0
dS S— S (t)+ ’ 98 S—S.(2)+ .
Now, moving along the boundary as a limit from below,
dC(S.(t),t) _ 9C(S,1) ds. () N aC(S, 1) _dS.(t)
dt 08 g dr N Y
aC(S,t
S0 _,
ot S— S (1) =

Then we may put these values into the Black-Scholes equation to find
the gamma limit as we approach the boundary from below,

9C(S,2)  02(S,1)S? 92C(S, 1) 5CI(S, 1)
— Tstoc S—0—— - CS,t ZO,
[ o0 2 as s T T3 e S8, (6)-
o2(S., 1)S?
fr + (1’$ - rstock)S* - 75(5* - K) =0
. _ z(rstockS*77$K)
= lim T == s 0

*See G. Barone-Adesi and R. E. Whaley (1987).
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Hence gamma is discontinuous across the American exercise boundary
(except at maturity), while delta is continuous. This result is useful for
numerical evaluations of American options because we find the exercise
boundary during the calculation, and this formula means that we know
what size of gamma discontinuity to expect. This helps immensely for inter-
polation algorithms because more than three-point interpolation through
discontinuities in the second-order derivative causes unstable results.

Also note that for an American call option the value of S,(¢) for t =T
and the steady-state solution (f — —o0) may be determined. Take the t — T
limit of the Black-Scholes (European) option formula equal to exercise to
find the point that is ““neutral” to exercise:

Se stk (T=1) _ go=rs(T=t) — § _ K,

= S — K — 140 ALS + 15 AtK = S — K + O(A#?)

= S.(T) = K-

Vstock

There is only an exercise boundary (and hence exercise) if

1< < 0.

Vstock

Also, a steady-state solution may be determined,

t— —00
0282 9*C(S aC(S
5 85(2 ) + (rg — rsmk)S% —7rC(S)=0: S<S§(t=—-00)
aC(S
C(§*)=85"-K, J =1;
AN P
V(v

S<8§8: C(S)=AS" where 0 4+ v(rg — Fgo) — 75 = 0
= AS" =S —K, Av-1)Ss"" =1

where the last two formulae determine A and S,, to give

S.(t > —o0) =K

. . 2 2
where v is determined by -v* 4 v <r$ — Tstock — "7) — 7 =0.
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9.3.6. 2-D Models, Gorrelation and Variable Changes

Given two independent Wiener processes dz;(t) and dz,(t), we can construct
two arbitrary stock price paths S;(¢) and S,(¢), of different mean returns and
volatilities and arbitrary correlation of percentage changes (see section 3.4
Other Processes: Multivariable Correlations).

Defining

dxy = o (2)(dzy (1) + B(2) dza(2)) + pa(t) dt;
dx, = a,(t)(dz:(t) — B(t) dza(2)) + pa(t) dt,

o= L [lE1= ) i~ o]
2 o a
de, — i |:(d-x1 — iy dt) _ (dxy — s dt)} )
T 2B o o ’
1 1 1-
calt) = or(th LY, st = o) [ LY, oy = 120,

and noting that these changes are normally distributed (not lognormally)
we may use this as a model of stock price returns,

(dxi) = wi(t)dt, ((dx; — (dx)))?) = 012(1‘) dt;
(dxy) = pa(t) dt,  ((dxs — (dx2))?) = o5 (2) dt;

(dxy dxy) — (dx1)(dx,)

AT A

Because the path end-points are given by

t=T t=T
Xl Z/ dX],Xz Z/ de,
t=0 =0

we may define the stock prices by

ol o}

Si=6Y, $,=¢%, /11=M1+715 ll2=ltz+72,
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which corresponds to a stock price process

dS1 = S1/11 dt+S10’1 dxl, dSz 282/22 dt+S20'2 dxz,
(dSy dS,) = 818, p12010, dt.

Constructing a riskless portfolio of one derivative that depends on (i.e.,
has a delta to) both stocks, and a shorted amount (i.e., A; and A,) of each
stock, it can easily be shown—following the steps of section 5.2 Derivation
of Black-Scholes Equation, Risk-Neutral Pricing—that any derivative must
satisfy

1C  Siof °C, S C o 92C
—_— — o [0
ot 2 oS 5 R F TP T
aC aC
SR SR,y C=0
+ 5 1S+22882 3

where Ry =75 —r5, and R, = rg — s, are the short rates for each stock
borrow.

This is easier to solve in uncorrelated nondrifting variables, which can
be worked out, that is,

aC 19*°C 19°C

Sl kC=0
2922 25z 0T

Zi= [ daw), z= / dalt)
t'=0

t'=

Thus the derivative’s payout function must be specified and then trans-
lated into the Z-variables and then the solution to the above equation
analytically or numerically evaluated.

To numerically evaluate on a 3-D grid over ¢, Z; and Z, we need to
specify the following moments:

Coo = Ke ™8T,

Cip = Sje ™ (T— t

Co1 = S,e2T1,

Cyo = S2e (T eloi +2RT=0),
Cpy = S2e (T eloz+2R)T=0)

— —r1(T—1) ,(po102+R1+Ry)(T—1)
C]] = S]Sze e .
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The last moment is redundant because the correlation is ensured by the
variable change, and so we need to ensure that only the five moments,

Coo = KesT,
Cyo = Sye -1,
Co1 = Se 210,
Cyo = S2e (Tt +2RNT=0)

Cor = Sie—rl(T—t)e(ozz+2R2)(T—t)

are valued exactly.
For example, if correlation and volatilities are constant (not functions
of time), we may use the variable changes,

S1 =exp(a1Zy + a1 Z, — Ry(T — 1)),

S, = explazZy — ayBZ; — Ry(T — 1)),

where
A =014 —— o =01, ——
1 1 2 bl 1 1 2 b

Then we put the equation on a grid,
Zi =210z, Zy =247z,

where z, 2, are integers and Az;, Az, are the step sizes. Thus to get a new
price value at ¢t — 1, we need the five nearest points (which form a cross on
the 2-D zy, 2, plane), expressed as

__ —T$At
Cripm=ce

(P—O CI,Z1 1,22 +p0—Ct,Z1,Zz—1 +p00 Ct,z1 522 +p+0 CI,ZH—T,ZZ +PO+ Ct,z1 ,+1 )
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The five weights are then determined by ensuring that the five moments
are exactly solved:

1=p_o+po-+Poo+ Pro+ Poss

e—RlAt — p,oe_(alAzl+alﬂAzz_R1At) + poi + pOO
+ p+oe(a1Azl+a1ﬁAz27R1At) +p0+’

e Rant poo+ p07e—(azAzl—azﬁAzZ—RzAz) + Poo + pro
+ p0+e(a2Az1 ~apsn R

e(olz+2R1)At _ pioe—Z(azAzl—azﬂAzz—RzAt) + Po_ + Poo

+ p+082(WZAZl*‘12ﬁAZZ*R2At) + p0+
bl

()2 2R A —ZYA - A —R
e(2+ z)t_p Po_e (a2 Az —02 fAZ —R3 At) p
2(a2 Az —a2 BAZI—Ry A
Pio + Posre (2 Az =z BAZI =Ry i)_

Not surprisingly, faster convergence results from imposing Gaussian
skew and kurtosis in each independent uncorrelated variable separately,

so that
Az = V3At, Az, =V 3At.

This is the basic method for putting multifactor models onto a grid because
generalizing to three or more variables is straightforward.
For example, the algorithm is straightforward for valuing:

1. A call on two stocks, meaning that the owner has the right but not
the obligation to buy two stocks simultaneously for a set price or
strike K; the payout is max(S; + S, — K, 0) and this is the terminal
distribution and then the above weights are used to diffuse backward,
with account taken for dividends on the stocks if any.

2. A call on the better of two stocks, meaning that the payout is
max(max(S;,S,) — K, 0): with this terminal distribution the algorithm
implementation is otherwise exactly the same.
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Credit Spreads

10.1. CREDIT DEFAULT SWAPS (CDS) AND THE
CONTINUOUS GDS GURVE

Credit default swap (CDS) contracts are generally contracts in which the
buyer agrees to pay ®; at the end of every period i, quarterly for example,
in return for insurance against default—where a default event is defined
by the contract as failing to pay coupons or certain specified escrow
balances dropping below predefined thresholds, and the like. When default
occurs, the buyer may deliver a bond that is specified by the contract and
get par in return. If the bonds trade at price R, the recovery value, at
this time then the CDS contract is worth 1 — R in default, as shown in
Table 10.1.

Equating the short value and long value at each successive payment
date in order to make the at-the-market swap fair value, that is, zero,

(1= pp)= —

(1 _P2> = m-

(1-R2)
Now consider a continuous payout, ¢(¢), which means paying at the end

of every day, or instant, instead of every quarter. The survival probability
St(¢), from time ¢ to T, is given by

=T
ST(t) =exp | — / <1i¢(71t{zt’>) dr
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TABLE 10.1 Cash flows of a credit default swap I (discrete)

No Default Default

i Probability Buyer Is Short Value Probability Buyer Is Long Value
1 (1T—=p1) —®1(1 = p1) P p1(1 —Ry)
2 1=p)(1—=p2) —Po(l=p1)(1—p2) (T—=p1)p2 (1 —p1)pa(l —R3)

Another way to view this is, given a continuous payout curve ¢(t), and
a recovery curve R(¢), we can implement a variable change {¢(¢), R(¢)} —
{s(2), R(1)} as

t'=t

s(t) = S,(0) = exp —/ (%) dr |,

t'=0
where s(¢) is the survival probability from time # = 0 to time ¢. Note that

ds(t)  ¢(1)
dt  1—R(z)

s(t).

The negative rate of change of the survival probability is the product
of the default probability rate at time ¢, and the survival probability to
time £.

CDS unwind or tear-up value is the premium paid or received to get
out of a CDS contract. The buyer has agreed to pay a fixed amount per
quarter for insurance against loss in default. But at a later time, before
the expiration of the contract, the buyer decides he wants to unwind the
contract and the premium to pay or receive to do this must be calculated.
The calculation is as follows: For a continuous spread (payment) curve
@(t) and for specified discrete payments in the marketplace now and at
set up it is {®;},{Ps—up,}. The unwind is the difference between owning
and selling, present value using rates and survival probabilities and is exp-
ressed as

Unwind value

u=t; u=t;

:Z(CD,-—CDM,W,I)exp —/ (%) du | exp —f(r(u))du

! u=0 u=0
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The only issue here is how to relate the current market price of the
CDS {®;,R;} to the continuous payout curve ¢(t) and R(¢). They are
the same curves, merely expressed in a different quote convention. This
is much like the fact that a curve of continuous, instantaneous forward
interest rates corresponds to a unique curve of interest rate swap prices.
Either one can be calculated from the other because the two curves repre-
sent the same interest rate environment. The only difference is the quote
convention. Consider a period from ¢ to T, where there is a constant
danger of default, albeit with recovery R(#), and at the end of the period
a payment is made to compensate the issuer for his losses as shown in
Table 10.2.

Now we need to add up all the payout values and set this equal to the
payment amount as N — oo, expressed as

=N !

B(s)
;QDATCXP —[(r(s)+71_R(s)> ds
= 0
N % (el (o ® .
=Xt (e (e g ) o))

X exp —/ (r(s)—i— %) ds

where AT = L, for swap maturity T (years), N payments, and each payment
is £. Note that i runs over all days that the contract is valid and j runs over
all the N payments.

In continuous terms this is

Ui

T $s)
@N ;exp —/ <1’(S) + m) ds

0

T t
¢ (u)
= o(t) eXp | — (7’(74) + _7> du | dt.
(/ (/ 1 — R(u)

This formula is a CDS unwind from discrete to continuous pay-
ments. This makes sense because the fair, at-the-market value of a swap
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is zero and the only difference is the discrete number of cash flows, £, on
the left and the infinite number of cash flows, ¢(¢) dt, on the right.

The other viewpoint is that the right-hand side is the value of the
possible payout of the CDS. Default between times # and # + dt occurs with
probability p(¢) dt, where

o)
T 1-R(2)

p(t)de dt.

This happens only if the CDS survives to time ¢, which occurs with
probability

u=t

s(t) =exp | — 1_(711:)(14) du

u=0

The typical CDS contract specifies that we get a dollar amount specifying
the size of the contract—called the contract notional or, for a single bond,
par—if we deliver the same notional of bond trading in default at or at least
somewhere near recovery value R. The market price of the bond in default
is notional times R. Therefore the value of the CDS contract after a default
(and for simplicity for a single bond of par = 1) is

1 —R(2),

to which we need to apply a discount factor

exp |:—/r(u)du:|

=0

and then the product of these four factors integrated over ¢ gives the
(probability weighted) present value of payouts in default.

For a given CDS curve {®(¢), R(¢)} we will have to use the ladder method
to obtain the continuous payout curve {¢(t), R(¢)}.

10.2. VALUING BONDS USING THE CONTINUOUS
CDS CURVE

To correctly value a bond, the calculation requires similar considerations
to above. The bond fair value is equal to the sum of the riskless present
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values of the cash flows multiplied by their survival probabilities plus the
evaluation of a continuous probability of default that pays the recovery
value R(#).

The fair price of a bond is therefore

B(t)

s=t;

N
é(s)
= ;ciexp |:— / <r(s) + TR R(s)) ds:|

s=t

s=T u=s
@ (s)R(s) o (u)
+ 1T-RG) exp |:—/ <r(u) + TR R(u)) du:| ds.

s=t =t

10.3. EQUATIONS OF MOTION FOR BONDS AND
CREDIT DEFAULT SWAPS

Focusing on a nonstochastic rates environment for the moment, there is
an equation of motion for bonds with a probability of default. The price
of such bonds, By(t), satisfies by differentiating the formula for a bond
introduced in the previous section, that is,

dBr(t) @(1) d(H)R(2)
T <’(t) 1 —R(t)) Bt =—1"%0

To derive this equation and, in the process, see the optimal hedging
strategy for CDS against bonds, we construct a portfolio of one bond and
a notional of a pure at-the-market (i.e., zero value) CDS:

[T = Br(¢) + a«CDS,
In default:  dIT = R(¢) — By(2) + (1 — R(2)),
dBr(t)

Nondefault : dIT = ( - ad)(t)) dt.
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In default, the bond trades at price R—and therefore value par times R,
which, given a bond par of 1, is just R)—while the CDS contract requires
that we purchase the same notional of bonds, at price R, and deliver them
under the terms of the CDS contract to get back the actual notional. If
default does not occur, the bond changes in price by theta and we pay
the instantaneous premium for the CDS. This implies that if we hedge
with

_ Br() = R(2)
1 -—R(1)

notional of CDS, then we have a riskless portfolio, and so the non-default
scenario will accrue at the riskless rate, thus

M = By() + «CDS,

Nondefault : dIT = r(¢)T1 d¢

B~ (1)
ot

—ap(t) = r(t)Br(1)

Rearranging we get

0Br(1) #(1) #(2)R(2)
ot <7(t> 1 R(t)) Brlt) = —1"R

Clearly the optimal hedge is to hedge the cash value of the position with
enough CDS notional that the payout in default covers the loss in the bond
(rather than, say, a one-to-one CDS notional versus bond notional). This is
then consistent with the probabilistic interpretation of the CDS continuous
curve, ¢(t).

Note that CDS satisfy a slightly different equation of motion

dCDS+(t) o(t) B
Y <r(t) + T R(t)) CDS1(t) = — ().

Thus CDS and bonds satisfy similar pricing equations, but with different
source terms due to default. The source term reflects the fact that the
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bonds pay out recovery R, with instantaneous probability (of default)
rate

i)
plt) = m,

while CDS pay out 1-R with the same probability rate.
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Specific Models

11.1. STOCHASTIC RATES AND DEFAULT

The combination of the static default model described in Chapter 10 and
a stochastic rates model like the Hull-White discussed in Chapter 8 is now
straightforward. The spot rate r—that is, instantaneous riskless borrow
rate—follows a risk-neutral process consistent with arbitrage-free bond
pricing in the HJM framework,

dr = (V*(t) — k(r — f(t)) + f(t)) dt — o dz(t)

for an initial (riskless) forward curve f(¢); model specifications o and k (both
constants; the spot rate standard deviation and the bond volatility/mean
reversion decay rate respectively) and

5 (1 _ e—zkt)
2k

According to this model, a riskless zero-coupon bond, Z(r, t), has value

T
Zp(r,t) = exp (—aT(t)(T —f(2)) = br(t) — / f(S)dS)

V(t)=o0

where 1
ar(t) = Z(1 - e™07)
br(t) = 2022 0)(1 — =24

4T

and it satisfies the pricing equation implied by the short rate process,
0Z1(r,t) N 02 0*Zr(r,t)

+ (P (2) — k(r — £(2))

ot 2 ar?
3Zr(r,t
e E ) e =o.
ar
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Now a simple model combining rates and default might be: the spot
rate continues the above process independently of default; default is a jump-
probability event (i.e., it is not stochastic and a known constant probability
curve for default exists) and the probability of default is not correlated
to the riskless rates curve. The arbitrage-free value of a zero under these
restrictions is the sum of two terms. The first term is the riskless zero for
par redemption multiplied by survival probability. The second term is the
survival probability to time s, multiplied by the default probability at time
s, multiplied by the riskless value of recovery R at time s, and added up over
all times s from today ¢ to maturity T, expressed as

=T
By(r,t) = Zr(r,t) exp |: / <%) dS]

”¢<> (s = )
T ) Tore e [_/ <1—R<u>>d”]d5'

It follows that this value solves the pricing equation,

8BT Uz azBT >
o7 +7 e + (v (2) — k(r — £(2))

o(t) _ 9()R()
- (r(t) 1 —R(t)) Br=—T"%o

+
\'}

From what we have developed so far in this book, we know the
theoretical dynamic replication strategy. That is, hedging a default risk
zero-coupon bond with a default-riskless (think Treasury) zero and some
notional of credit default swap (CDS) under which this bond is the only
deliverable. CDS contracts often have a whole list of possible deliverable
bonds after some defined technical default event and this raises the issue of
the value of the optionality of the cheapest to deliver, which we ignore here.

For recovery, R = 0, the theoretically ideal amounts of the two hedge
instruments are a riskless zero-coupon bond of same present value PV (i.e.,
less face value of the treasury than the zero bond to be hedged) and CDS
notional equal to the present value. These two amounts change as we go
through time. Therefore the hedging strategy is dynamic. The costs of the
two hedging instruments may be entered into the formula for the (risky)
zero-coupon bond and, given that all of the above assumptions hold, an
arbitrage may be executed.

For recovery not zero it is a little more complicated. We require the
riskless zeros of every day’s maturity to match the recovery payout, in an
amount to match their PV, plus an amount of CDS to match the loss in the
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bond in default (PV — R) with its own profit, 1 — R, namely, CDS notional
of amount (bond price-recovery)/(1—recovery) per bond.

Developments to this are apparent. Obviously we already have a
universe of possibilities for modeling—two-driver stochastic default prob-
abilities and stochastic riskless rates—that enable a deeper understanding
of bonds versus credit default swap trading and rates hedging and the
like. Generally new drivers introduce at least one or two more calibration
numbers to fit the model to the markets. The basic problem is information
input versus output. The simplest model will have only one input number (a
one-driver volatility for example) and almost certainly not fit the market for
most cases. Then the most complex model will have as many inputs as all
pieces of information in the marketplace and will not be testable until a new
event occurs. It will almost certainly be wrong because it is untested. This is
the basic problem of financial modeling: the trade-off between meaningful
predictive modeling and calibration requirements.

The markets are not systems governed by static rules (or even quasi-
static, so-called adiabatic laws in physics) and this is the essence of the art
of financial modeling. The real use of modeling is as a frame of reference,
or paradigm, in which to look at prices. To compare prices when markets
are acting like the simplest models and when they are not adds tools to the
trader’s and risk manager’s toolbox. Clearly, the simplest models, such as
the Black-Scholes option formula, will never go away whether or not these
models are the best available for arbitrage trading or risk management.

11.2. GONVERTIBLE BONDS

A convertible bond (CB) has all the specifications of a straight bond; a
coupon schedule, maturity, perhaps puts and calls. In addition, it is also
convertible at the holder’s option—American style; at any time—into a
fixed number of shares called the conversion ratio (CR) of a certain stock.
If the issuer offers conversion into a stock other than its own, the bonds are
known as exchangeable.

There are many ways to model CBs. Here we assume a probability curve
for default and recovery as outlined earlier. This ensures that a market CDS
curve can be used to price convertibles. We assume a lognormal distribution
of stock price changes, with a term structure for rates, volatility, and equity.
A simple pricing equation is

ICB  $0*¥CB (4l 9CB
ot 2 s STIZRE ) Tos

()
1—R()

P(2)R(2)

— <r$(t) + 71 — R(t)'

> CB(t) = —
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However, to understand this model and how to implement it, the
following bottom-up development of the model is far more transparent.

First, we assume CDS trade, and for which the convertible would be
deliverable after a default event occurs. We also assume that in default we
always recover 1 — R(¢). This is actually not a trivial assumption because
the convertible bond could conceivably be worth more in default because
it is convertible, that is, in the case a technical default event has occurred
but the stock is still high. Clearly, exchangeables will generally not be
described by this model. But it simplifies the analysis considerably to make
the assumption that this never happens. Thus the CDS market gives us
curves ¢(t), R(t).

We begin by assuming that the recovery value is zero. The convertible
bond can be best understood using the first three moments of the distribution
implicit in the pricing formula on the previous page. If the CB is not
convertible then we want to get the same result as for straight bonds, which
is a sum of cash flows, and this implies:

dCB(1) @(1)
T (mr) + 5 R(t)) CB(t) = 0.

If the CB has no cash flows and mandatory conversion at maturity, then
we want the result to be a pure stock forward. This implies that

CB = Se 8T

is a solution and this therefore fixes the drift term. Thus the equation of
motion for a convertible bond (without recovery) is

9CB  S*o2(1) 3*CB (1) 3CB
o T2 s TS (“‘(t) T1oRD ’S(t)> s
#(1) .
— <7$(t) + 1 —R(t)) CB =0.

The curvature term is best understood by the following argument. Make
two variable changes, the first to discount the CB price function and the
second to shift the stock price by this same drift:

CB = CBexp (— /7? 1 f(lti)(t) dt) ,

_ o
S = Sexp <—/t=0 T_R® dt) .




116 THE MODELS

With these new variables (dropping the primes) the equation of
motion is

9CB  S*o(t) 9*CB 9CB
S g e+ S(rs(t) = (1) S — 7s()CB = 0

and the boundary conditions are implemented very simply: discount all cash
flows by the spread to riskless rate prior to calculation (but not the riskless
rate r¢(z), itself), that is, assume the cash flows ¢;, in the convertible are

replaced by
g )
L= — ———dt
aTaew ( [, ik

and equity boundary conditions such as parity = S x CR are preserved.

This equation of motion has a very natural interpretation: it is the
optionality embedded in the convertible expressed in riskless currency. The
coupons need to be changed from risky, or corporate, dollars into riskless
dollars via the forward exchange rate determined by the CDS curve (note
that this will naturally shift the effective strike or forward conversion price
of the CB down). The resulting calculation is the usual riskless option
valuation of Black-Scholes, and this justifies the curvature term as written.

The last, and very important issue, is adding in the default value
associated with recovery, to get the full value of the CB. We can do
this simply by noting that the implementation of a numerical algo-
rithm for solving the equation of motion will include a diffusion algo-
rithm over finite-sized time-steps, At say. We can add the recovery
value between ¢ and 7+ At (and assuming curves are flat over the time-
steps):

Recovery(t — t + At)
_ s=t+At d)(S)R(S u= 14)
- / T-R() ¢ [ / (’ R(u)) d”] &
-ew[- [ (no+ 1 85) «] (F50)

1—exp- (()+1¢R ) at
(r(t)-l—lf(—ézt))

and noting that in the above variable choice we require riskless cash
values to be added (because the numerical algorithm itself accounts only

X
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for risk-free discounting), and thus the recovery term to be added at each
time-step is

o[ 2] (s (b )]
" (s)

- 1-Ris) L= Rt (i) + +285)

In summary, the algorithm for CB valuation is set forth in the following
steps using rational exercise assumptions:

1. Convert all coupons, puts and par into riskless currency from cor-

porate currency ¢, = ¢; exp (— [ 1%: 5 dt).

2. Value the convertible on a 5-standard-deviation-wide grid using the
methods outlined in section 9.3 solving the Black-Scholes Equation
Numerically. The nondrifting grid weights are the simpler choice for
implementation because the payouts never need to be transformed
into different variables.

3. At maturity maximize riskless par with parity, the conversion value,
S x CR, where CR is the conversion ratio of the bond, to generate
the initial price slide vector.

4. Diffuse, and risklessly discount backward in time using the weights
from earlier plus the recovery value for the time-step, that is

CBt,x = eXp(_rtAﬂ(wxflCBtJrAt,xfl + Wy CBt+At,x
+ 10,11CByiarx11) + Recovery,

- u=t ¢(S) qﬁ(t)R(t)
Recovery = exp |:_ /u o 1—R(s) ds] (1—7R(t)>

1 —exp [— (7’(t) + 115%)) At]
(7(t) + 1%21))

. For American-style exercise, maximize the result with parity.
6. If the CB is putable, then maximize the price with the (riskless) put
value on the relevant date(s).

7. If the bond is also callable, then minimize the value with the call
value on the call date. Call value is itself the maximum of conversion
after call and call price because the typical CB spec allows conversion
after call. In fact, the more precise valuation takes into account the
optionality of the notice period. Commonly, a CB call spec is the
following: the issuer gives notice of call according to a predefined

(94
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10.

11.

12.

schedule of call prices and notice period. Then during the notice
period the holder may convert or collect the offered cash at the end
of the notice period. This correct call value is the max of call price
and conversion after call plus a notice period American option value.
The modeler can decide to switch the calls into riskless currency
using the default probability curve or assume, because the holder is
short these calls (i.e., they are issuer options), that they are already
in riskless currency and so decide not to switch them.

This latter technique gives a slightly higher theoretical value for
CBs around call and is not unreasonable because calls are often
not exercised perfectly rational in the marketplace. That is, issuers
often do not call bonds as soon as it makes financial sense to do
so—perhaps because they would rather give out stock than cash.
Thus they let the stock run a little higher before calling and then are
more confident that the investors will choose conversion, and not
cash, after call. Many practitioners even put a “call bump” into the
model to reflect this (i.e., increase all call prices by 10 percent or 15
percent).

. Model any provisional calls. This is a situation in which call is

allowed to occur only if the stock is above a given trigger. To model
this: minimize the hold value with the call only above the trigger and
leave unchanged below. It can lead to small regions of negative delta,
which reflects the holder’s potential increase in value if the stock
drops below the trigger and call by the issuer is no longer allowed.
Apply an algorithm to include dividends such as the one outlined
in section 9.3.4 Dividends on the Underlying Equity. Note that the
decision about whether to discount dividends at the riskless rate or
risky rate needs to be taken.

Add the riskless value of any coupons paid to the CB. The riskless
value is the coupon cash values discounted using just the credit
spread from valuation date to coupon date (the algorithm ensures
further discounting to reflect discounting due to interest rates).
Return to step 4 and repeat steps 4 through 10 until the valuation
date is reached.

Interpolate to obtain theoretical values at a given stock price.

This model is far from the final word on modeling convertible bonds! But
it is a very good reference point for the current convertible market because
it has term-structured volatility, rates, and credit—and it is consistent with
the recovery values of the CDS market, which is being traded simultaneously
by many CB traders as of writing.

But even this model, it is fair to say, has problems. Deep in the money,
the credit dependence is opposite to a bond. As credit worsens, the CB
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becomes more valuable due to the recovery value increasing. For a straight
bond, this is compensated by the decrease in value of the future cash flows
as credit worsens, giving an overall credit dependence that reduces the value
of the bond as credit worsens. It is always the user’s choice to set recovery to
zero to fix this. CDS, however, rarely trade with an agreed implicit recovery
of zero.

Another immediate limitation is that any volatility smile is not incor-
porated (variation of volatility by strike or nonlognormal effects), including
dilution effects on the stock because the company is issuing possibly large
new amounts of stock at high stock prices and none at lower stock prices.

In summary, it is not clear exactly how the valuation of the CDS market
and CB market interact. It would be a safe bet that it is not precisely
according to a simple model like this one!.

11.3. INDEX OPTIONS VERSUS SINGLE NAME
OPTIONS: TRADING EQUITY CORRELATION

We can use the above algorithm for an n-factor model (see section 9.3.6.
2-D models, correlating and variable changes) to value index options with 7
components. However, for an index with tens of components or more this
can be prohibitively slow.

A good approximation is the following. We value options on the
index as if the index was lognormally distributed using the Black-Scholes
equation. We need to choose the volatility input to the model to ensure that
the theoretical value (TV) of the option agrees as closely as possible with
the correct answer. The way to do this is to consider the first moment and
second moments of the actual index distribution, assuming that the stocks
are lognormally distributed with different volatilities and stock borrows and
a correlation, expressed as

dSl = S],lL1 dt + S]O’ldxl,
dSz = Sz,u,z dt + SzO'dez,
(dS1dS,) = 818, p12010, dt.

This means that the index distribution cannot be lognormal. But if we
match up the first few moments for a lognormal index distribution, we will
obtain answers that are a good approximation for derivatives that have
strong dependence on these moments and weaker dependence on higher
moments. Call and put options depend strongly on the first moment (the
mean) and the second moment (the volatility), and more weakly on higher
moments. The practitioner must be very careful if using this method to value
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combinations of long and short options (such as butterflies, etc.), which
depend strongly on higher moments.

BUTTERFLIES

A butterfly is a combination of puts and calls that has a total terminal
distribution that is zero everywhere except for between two strikes,
where it is shaped like a triangle. A long call at the lower strike, short
two calls struck at halfway between the two strikes, and a long call at
the upper strike produce a butterfly.

Returning to the case of modeling a process for the underlying of
options that are more straightforward, such as calls or puts that have much
weaker dependence on higher moments of the terminal distribution, we may
express the value of a two stock index I and its process as

I=8+85,

= dl =dS, +dS,

= lry —r)dt + 10(S1,8,) dz = Si(rs — r1) dt + S101dz
+ 85(rg — 1) dt + S,0,dz,.

We want to approximately match to a lognormal index distribution,
S] (7’$ — 1 ) dt + SjO']dZ] =+ S2(7’$ — 7‘2) dt + SzO’dez = I(r$ — 7‘[) dt + IO'[ dZ.

The mean of this match-up can be fixed by setting the first moments to
be equal

— 1’151 dt — 1’252 dt = —TIIdt

o 7151 + 128>
e Si+8,

and the second moments to be approximately equal,
Stol + S305 + 2p81018,00 = PPo}

N N Sto? + 8307 + 2pS1015,0,
! (S1 4+ 8,)?
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The Black-Scholes equation can therefore be used to value an index
option with the above inputs for index borrow and volatility. It gives good
qualitative answers for theoretical values and deltas of the option. This is
due to the main value of an option being driven by the first and second
moments. Note that delta will have extra terms due to the volatility and
borrow (vega and p;) dependence:

call = C(I,K; rg,11,01,8,T)

0C(S1,8) 9C  9C dof | 9C o

Ay = ==
! 38, T 35235, 905,

The delta for the other stock is a similar expression (take derivative
with respect to 2 instead of 1).
Furthermore, for an index with # components,

I= Xn: S,',
i=1

there are n(n — 1)/2 cross-correlations p;. We have best-fit index borrow
and volatility inputs for the Black-Scholes equation given by

Do 1iSi

= I >
0_2 Zt 1 Slzalz + 2 Z Z/ i+1 IO’/S GlS iOj
I

12

Now, we may conjecture that there are typical or average values for
the pairwise correlations and volatilities of the underlying stocks: @, p. It
follows that

2 _
o =

EZ (Z:‘tzl sz + Zﬁ Z?:_I] Z;t:i+1 SiSj)
I ’

Now reinterpret this equation a little more generally: if we assume 7
equal weight drivers to the index (either stocks or subindexes) of correlation
P to each other and the same volatilities &, and all the components of each
of these subindexes have correlations to each other of 1, then

P )

UI = Iz
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Thus for large 7, and assuming that all the stocks in the index are the
independent drivers and that all have an average pairwise correlation o, we
see that the ratio of the index implied volatility to the average component
volatility is the average pairwise correlation of all the index’s components:

PR

QIL | NQN

Alternatively, if we suppose that all stocks are a linear sum of a small
number of independent drivers (or at least of correlations much lower than
the average pairwise correlation of all the index components) and the drivers
have similar representation in the index as a whole, then the number of
these drivers is

%

Q | Q|
[ IS}
‘oI.I —_

If typical S&P100 one-month, stock-option-implied volatilities are 35
percent, while typical S&P100 one-month, index-option-implied volatilities
are 15 percent, then we may infer that the average implied pairwise cor-
relation of all the index components is 5 ~ 0.36. This also corresponds to
an indication that there are five or six fundamental drivers implied by the
dispersion between S&P500 option prices and individual option prices.

If the trader takes a view on correlation (only), then the trade is to buy
at-the-money (ATM) index options and sell short ATM individual options
or vice versa. The trade requires making sure that all the component vega
(sensitivity to volatility) numbers (for each underlying stock) are zero, and
then hedging all the net stock deltas by buying or selling each underlying
stock. The result would be (theoretically at least) a pure long, or pure short,
correlation position. This is known in the markets as dispersion trading.

11.4. MAX OF » STOCKS: TRADING EQUITY CORRELATION

Consider a security that is an option to own either of two stocks. Assume
that the two stocks’ price changes are lognormally distributed and also
correlated as

dSl = SllbLl dt + Slaldxl,

dSz = Sz,le dt + SzO'zd.X'z,
(d$1dS,) = $18:p12010 dt.
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Then

S e (—r1(T—1))
Sze( r(T-1)°

dm = mo; dt + mo,, dz(t),

2 2 2
0, =0; + 0, —2p010;.

The security terminal value is
Cr(m) = S, max(m, 1) = S, max(m — 1,0) + S,.
Writing the security price in the functional form as
Clm,t) = S,e T E(m,t),
we find that while C(Sy, S,) generally satisfies

iC , S0P °C  KPC 9>C
—_— — o o
ot 2 S > a8z bRy ag

aC aC
+ Si(rs — 7‘1)8—51 + Sy (rg — 1,2)8_52 —-rC =0,

F(m, t) satisfies

oF N m’o, O°F
ot 2 amr

and we see that 7 is a martingale for the process over which F is defined
(although not C).

We can then solve the European option (with no-underlying-dividend)
case using the Black-Scholes formula:

Cmax of two stucks(Sls SZS t)
iy (T—
= SZe w2l z)[l + CBlack—Scholes(ma 19 ta T, OmsT1 = 09 = 0)]’
Sle(—fl(T—t)) 5

_ 2’ _ 2 2
"= S,el=n(T-1)° Op =0i + 03 = p0102.

It clearly has the correct limits for §; >> S, and §; << S,. This is
an exact result, not an approximation; it assumes the usual Black-Scholes
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paradigm of lognormally distributed stock price changes together with a
constant correlation of changes p.

This option versus individual equity options gives a method of trading
correlation if the positions of the two individual equity options and the
individual equities are chosen to net the vegas and deltas to zero.

As a corollary, let’s consider approximating the value of a call on the
max of two stocks to which the numerical solution was outlined earlier
(section 9.3.6 2-D Models, Correlation and Variable Changes) as the Black-
Scholes equation and then using that function involving the Black-Scholes
equation itself as the argument. This approximation assumes that the max
of two stocks is lognormally distributed, which it is not if the two individual
stocks are lognormally distributed. But if we fix the first and second
moments, borrow and volatility, as

aCm[Zx aCm[Zx
dCpax = 15Coan dt + Siovdz; + 8,02dzs = Tpax = 0
a5, aS,

2 9Coax S101 : 3C x $202 2
Gmax = +
85 1 Cmax 8SZ Cmax

aCmax 510'1 aCmax SZGZ
2
* P ( aSl Cmax) < aSZ Cmax)

then the answer will be very close and clearly works exactly in the limit of
either stock getting large:

Ccall onmax of 2 — CBlack—Scholes(Cmax9 Ka t, T; OmaxsT$s 0)
Omax as above;
and

Cmax(Sla SZ, t) == SZe_Q(T_t)[l + CBlack—Scholes(m> 13 t9 Ta Oy O’ 0)]

§,el=n(T=1)
. 2 __ 2 2
:W, Um_al +02 — P010,
Quite complex derivatives can often be analytically approximated
this way.

11.5. COLLATERALIZED DEBT OBLIGATIONS (CDOs):
TRADING CREDIT CORRELATION

There is already quite an extensive literature on collateralized debt obligation
(CDO) pricing, and the Gaussian Copula model (originally developed by
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Li 2000) has become a benchmark. However, without delving into this,
this section provides the basic tools of default correlation that lead to
the simplest model—taking only bond prices and a complete default rate
correlation matrix for inputs. While this “toy” model does not have the
same tranche structures as any actual CDO in the market place, the tools
used here can be applied to the wide majority of the structures out there. For
example, CDO tranches above the equity tranche usually have a prospectus
imposed coupon instead of the assumption made here of a proportion of
the actual coupon and synthetic CDOs are actually credit default swaps
on a CDO tranche backed by a pool of CDS. Both these structures can be
modeled using the tools developed here.

We must note the general high degree of difficulty in implementing
CDO models numerically: it is the driver of this active field of research.
For N bonds we know there are 2N separate outcomes: survival or default
of each bond; and this is a very big number for a 100-bond CDO! On
the other hand, simplifying the calculation results in models that are
hard to realistically relate (i.e., calibrate) to the real world. So the mod-
eler is left with the classic tradeoff between fast valuation and realistic
models.

Commensurately, directly implementing the framework described below
is hard numerically but it is much more realistic than the Copula model
because it takes into account all bonds pairwise default correlations. At
the other end of the spectrum, the Copula model is easier to implement
because it assumes that all bonds are not directly correlated to each other
but are correlated to a fictitious market-wide firm value and thus requires
this correlation vector and the strikes, or expected times to default, of each
bond. These inputs are already the Achilles’ heel of the Copula model.

The method of development in this section has been chosen because it
makes far fewer assumptions and describes the correct framework in which
to understand all models.

CDOs describe a structure with the following general characteristics: a
pool of N bonds, for example 10 to 100, held by the issuer. Then the issuer
sells tranches that have the following typical characteristics: the highest
debt-quality tranche pays coupons and par equal to 10 percent of the pool’s
total par and coupons and is secured by the last 10 percent of bonds in
the pool to default. The next highest quality debt is a tranche that might
pay the same coupons and par but is secured by the penultimate 10 percent
to default. The tranches are all similarly structured, down to the so-called
equity tranche (also called toxic waste), which has the same coupons and
par but is only secured by the first 10 percent to default.

Besides the usual “sum of the parts is more than the whole” reason
for the issuer to manufacture this kind of structure, there are good reasons



126 THE MODELS

why a genuine demand might be there for it. A CDO, with only lower
quality credit in the pool, will have very high quality upper tranches. This
might enable bond funds that are restricted to investment-grade debt only
to own debt secured by companies whose credit quality is below that
grade.

11.5.1. CDO Backed by Three Bonds

As a warm-up exercise, we will value the tranches of a CDO on three bonds.
(It turns out that the generalization to N bonds is easy.) Assuming we have
default probability and recovery curves with which to price all three bonds
and each bond has a par of 1 and cash flows ¢!, ¢?, and ¢, then the price of
bond 1 is given by

B%"l (t) = s%"l d"lrl + Z S}/C} + R%"l’

j coupons

s=T
dy, = par exp (— [ r(s)ds),
} =clexp (— L r(s)ds>,
s=T 1 s=T
D e [T ') )_ T )
sTl—eXP< /s;t 1—R1(s)ds = exp » p'(s)ds|,
u=Ty s=u

Ri= [ bR mesp (— / p](s)ds) d.

Here r(¢) is the riskless interest rate curve, ¢'(¢) is the continuous CDS
payment curve on bond 1, R(z) is the recovery curve on bond 1, the
instantaneous default probability rate is p(¢), and the integrated survival
probability curve is s}, (2).

Now we can count the various outcomes by the following expansion:

At

(! + )07 + )7 +))
= D00, +DiD;S, + DisiD, +Disis) +s,0i0; + 5,D;)
+s)sip] +s)sts).

The (expectation value of the) first term is the probability that all three
bonds default. The second term represents the probability that bonds 1 and
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2 default and bond 3 survives to maturity. We may group these into the
various tranches and their payouts of (schematically) par, that is, 1 or
recovery as follows:

Try = (5,575} + pisis] +sipis] +sisip] +pipis] +pisip; +s/pjppar
+ (0, iP))R,

Try = (s;s{s] +pisis] +sipis; +s/s;p])par
+ (pipis] + pisip] +sipip] + pivip)R,

Trs = (s, s}s, \par

+ (p;s}s] + s,p;s, + 5,5,0] + pip}s) +pis;p] + s,070) + 0, pip)R.

The first term in tranche 1 represents the probability that no bonds
default; the second, third, and fourth that one bond defaults; the fifth, sixth,
and seventh that two default and the last that all three default. We write
these eight terms for each tranche j as

8
Tr, = Z Tr;.
i=1

Now we need to add up the values of each term to get the tranche
values. To get the right sum, we can look at the term and assume it is an
evenly weighted sum of the payout and coupons, or recovery value of the
bonds that survive or default, as follows: take the first term in the first
tranche:

Tr; = Y(sls?s}(B; + B, + B3))
Is7sIB1) + 1(s)sis}By) + 1 (s} sps}Bs)

We need to be careful about the meaning of the terms. Take the very first
term (s;s?s)B;), which means the probability that all three bonds survive. If
there is no correlation of default probability then this is simply the product
of the survival probabilities, that is,

3 1 2 3 1 2 3 1 123 .1
siBi) = (s))(s))(s}B1) = | shshshdh, + Y sisisic]

j coupons



128 THE MODELS

because they are unrelated (uncorrelated probabilities just multiply together
to get the probability of a coincidence). Note that the survival probabilities
are integrated to the cash flow dates of the bond being conditionally valued,
while the default probability curves (under the integral inside the survival
probabilities) are all understood to be zero after their respective bond
maturities because default of a particular bond cannot occur after its own
maturity.

The problem with this simple picture is that default correlation is
not accounted for. Default correlation is the central issue for trading
CDOs—just as equity correlation is for trading options on stock indices.
Consider this integral,

s=T s=T
(sp(t)sh(t)) = <exp (— /L pl(s)ds> exp (— /L pz(s)ds)>

where the instantaneous default probabilities are p'(¢)At and p*(t) At. Now
we want to introduce a default correlation, and a good place to start is
instantaneous default correlation. At every instant, and for each bond, we
have a two-state system: default and survival. The distribution has the two
probabilities, expressed as

(survival(i)) = s'(t)At, (default(i)) = p'(t)At =1 — §'(t)At.

Next consider the survival probability of two different bonds that have
a correlation of 1 and the same default probability. We may write the
formulae as

(survival(i)survival(j))|.—; = s'(t)At,
(survival(i)*) = s'(t)At,
(default(i)*) = p'(t)At

because the “square” in this expectation value here implies the calculation
of the probability of two bonds defaulting, under the condition that they
are perfectly correlated and have the same probability of default. The result
is just the probability of one defaulting, hence the formulae. Further it
follows that

o' = stdev(survival(i)) = /si(t)At(1 — si(t)At) = Aty/si(t)pi(t)

stdev(default (i) \/p )AL(1 — pi(t)At) = Aty/si(t)pi(t) = o
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The (pairwise) correlation is defined as

(default(i and j)) — (default(i)) (default(j))

v oiol

which is more understandable once rearranged as
(default(i and j)) = (default(i)) (default(j)) + po'o’.

This formula has a very simple interpretation: the probability of simul-
taneous default of bonds i and j might not be the simple product of their
individual probabilities of default due to some kind of interaction: correla-
tion. If one company defaults, it might increase the probability of default
of the other company due to mutual dependence (correlation > 0) or it
might reduce the probability of default of the other company due to reduced
competition (correlation < 0). For perfectly uncorrelated default (p = 0)
the double default probability is just the product of the independent default
probabilities. If they are perfectly correlated, then the default of both bonds
is just the default probability of one of them, and the formula easily reduces
to p = 1. The perfectly anticorrelated case means that the survival proba-
bility of one is the default probability of the other and the probability of
both defaulting simultaneously is zero. Again the formula easily reduces to
p = —1 (as long as we consider a finite time-step Af).

Returning to the required expectation value and expanding the survival
probabilities at each instant:

- fol- e )

((1 — ' (#)A)(1 = p*(1;) At))

%
':In

I+
Il
o

Bad
Il
~

&

(1 — pl ()AL — p(t:) At + (P (1) Atp (1) AL)).

I+
Il
o

We may then evaluate the simultaneous default probability as
(b (t:) Atp () At) = p1(t-)Atp2(t-)At
+ oy (P () AL(1 — p'(8) At) (P> (1) At(1 — p*(1) AL))

~ py/plt)p*(t) At + O(AL).
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This leads to the conclusion that there is another term of order At to be
added to factors in the product of survival probabilities, expressed as

1‘[(1 — Pt AL — pA(E) AL+ (b () At (1) At))

~1‘[ (1= [p'(t) — (&) + p" (VD ()P (1) At).
Finally,

s=T s=T
<s;(t>s§<t>>=<exp(— / p1<s>ds)exp<— / p2<s>ds)>

=exp<—/__ [p'(s) + p*(s (s)V P (s)p*(s ]ds>

Note that the correlation of the integrated survival probabilities is

(sT(8)s%(8)) — (sp(8)) (s7(2))

pr(t) = =
2 (2)27(2)
_ [exp( ss:t 0'2(s)y/p(s)p2(s) ds) —1]
/[exp(ﬁtp (51ds) = 1] [exp (/25 p2(s) ds) - ]

where the integrated variances are easily seen to be the expressions in the
numerator for p'2(¢) = 1 and p'(¢) = p*(¢). This formula for the correlation
of the integrated survival probabilities has the following properties that are
default probability rate independent:

lim p7*(2) = p"*(2),

T—t

12
Pr ()] p20)=1, = 1,
plo=p2(t)

P%Z(tﬂplz(t):o =0.

We can generalize to many integrated survival probabilities that

Ists) . siN = exp( / |:Zp — CR({ps}; i }):| ) )
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See Appendix D for the full expression for C¥({p;}; {p;}), which is gen-
erally a function of all the bonds and correlations in the system—although,
for example, CY({p;}; {pi}) = p12+/P1P2 for any two bonds out of an N bond
system.

Now the first term may be evaluated easily as follows:

3 12 341 123\ 1
s;By) = <ST15T15T1>dT1+ Z <sifsf/‘sff)cf

j coupons

simply using the formulae shown thus far in this section.
The second term of tranche 1 is

Trf ~ (ptlstzsfpar)

schematically where the par payout is again an average over the surviving
bonds payouts to get

Tr; = 1(p!s?s}(By + B3)) = 1 (p!s?s}B,) + 1 (pls?s}Bs).

The (integrated) default probability can be replaced by 1 minus the
integrated survival probability,

(ptlstzszz) = (sfszz) — (stlstzszz).

Both these terms have been evaluated here already. We can continue to
value all par payouts using these rules.

Finally the eighth term in the first tranche values the contribution from
recovery, expressed as

Tri ~ (p/p/p})R,
which again we can average over the recovery value of the bonds in default,
Tr} = 3(p!p;p}(B1 + By + B3)).
Looking at the first term,
Tri = 3(p;0ip/B1),

we interpret this term to mean bond 1 survives to date # and then bond 1
defaults while during this time both bond 2 and 3 default. We add up all
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these contributions for all #:# < u < T. So there are many contributions
to this term—from default at each instant between today and maturity
of bond 1—and it is easier to manipulate the nondefaulting bonds into
survival probabilities,

Try = $(p/(1 = s})(1 = 5})By)

(piB1) + 5 (pisisiBi) = 3(pysiBi) — 5(p;siBu).

1
3
1
3

The first term we know already as

u=T s=u
iB = [ PR () exp (— | r<s>+p1<s>ds) du,

Further note that
Eislsist . [Zp — CX (o >};{pi(t)}>] (sisisy 50N

differentiating the expression for the conditional survival probability above.
The rate of change of this survival probability has contributions from many
terms; one default, two defaults and so on for all permutations to N defaults
at time ¢. This rate, the probability of not all bonds surviving interval dt at
time #, is multiplied by the probability of all surviving to time t. Ignoring
bond K we find the probability of not all bonds surviving interval dt from
the set of bonds excluding bond K,

d
E(S:st? . K 1>N |:ZP K 1 {p1/( )}’ {px(t)}):|

and so the probability of bond K not surviving interval dt is

K
[Zpl(t) - CIIX({PU( } {P :| |:ZP C[Ig 1 {pl/( )}s {Pz(t)}):| .

i=1
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The conclusion is
(p,sis;B1)
u=T
= [ (F'(u) — F?(u))R" (u) exp <—

F'2(t) =p' () + p* () + p (1) — CS({p" (1), p*(2), p° (D)} {0 ()}),
F2(1) = p*(t) + (1) — C({p* (1), p° (2)}: {07 (s)})

s=u

[#(s) + F'3(s)] ds) du,

s=t

represents the probability that all bonds survive to date # and then only bond
1 defaults. (The terms C3 and C; are detailed in Appendix D.) Generally, a
term of this form, the coincident survival probability of K correlated bonds,
in an N correlated bond system, is given by

<slsZS3 71pf<BK)N

= /j: (FX (1) — F{_y (1)) R" (u) exp (— /j:” [#(s) + Fg(u)]d5> du,

Zp — CY({p"(s)}: {P'(s))),
Zp — CR({0"(9)): {p'(s))).

This solves the problem of valuing each of the three possible tranches
of a CDO backed by a pool of three bonds.

11.5.2. CDO Backed by an Arbitrary Number of Bonds

For N bonds in the pool, we value the N tranches of a CDO. The bonds
each have a par of 1 and cash flows ¢*, for 1 < k < N, which imply prices
and default and recovery curves, expressed as

];kdl;k + Z Skck+RTk’

J coupons

s=T,
d]i = park exp (— / ' 7(s) ds) 5
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cf = cfexp (— /S=/ 7(s) ds) R
s=Ty k s=T},
s’%l = exp <— /S:t T REG) i’ 1(;)(5) ds) = exp (— /5:t pk(s)ds> ,

u=T}, s=u
RY, =/ p*(u)R* (1) exp (—/ [r(s)+pk(s)]ds) du.

=t =t

Here 7(t) is the riskless interest rate curve, ¢*(t) is the continuous CDS
payment curve on bond k, R*(¢) is the recovery curve on bond k, the
instantaneous default probability rate is p%(¢), and the integrated survival
probability of bond k is s%. (2).

The various outcomes; combinations of default or survival of each
bond, may be counted using the expansion

(D) +s)pr + )] +5) ... (p) +)) =s]s}s;] .5

123 N 1,23 N 123 N
+p,8;8; .8, s, prs; .S, o Asss) LD,

1,23 N 1243 N 1.2.3 N-2,N-1,N
+D,0;S; -5, H PSS, eSS s s DD,

+p,0ip; - Y

and the 2N terms have been arranged into groups with increasing number of
defaults (same number of defaults for each line). Then the N tranches may

be cast as follows:
Try = (s,s0s; ...sN +sipis? ... sN+ -+ sipipl ... pN)par
+ (0] PR,
Try = (s)s7S; ...S)N + - +s/sip; ...pN)par

+ (s;0;0] - Y+ 0,070 - PYR,

(123 N 1 j 441 N
Tr, = (s,s;s;...8) +---+s,...p," ...p, )par

+ (s S ph 0+ pipip] - PYR,

Try = (s;sis))par + (p)sis; ...sN+---+plpipl .. .pN)R.

tTtvt
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The first group of terms in the jth tranche represents the probability of
payout of the portion of par that the holder of this tranche has a claim to.
This happens when there are j defaults or less of bonds in the pool. The
second term values the holder’s claim in default (recovery). This payout
happens when j or more bonds default. In order to value each term, we will
write each tranche as

i=2N

Tr, = Z Tr;,
i=1

where each term T#/ is to be read off the above expansion.

To value these terms we treat the tranche par terms and recovery terms
slightly differently. The par terms need to be the expectation value of an
average of the surviving bonds,

. 1
Tri= (s ...s;ps"" . p)par) = ;(st1 skt pN(By + - B,)

and this generates terms of the form
U kpkl N 1k k1 N
(St"'stpt+ pt B/')|1§I‘Sk:<5z...5t(1—5z+ )(1—St )B/)|1§i5k7

which in turn generates terms of the form

1 k ket 1 j 1 j
(s, .. 8 LUS)B)) [1<jek = (st -..sT)par’ + Z (s;,...s0)

i coupons

for m < N. These terms are valued using the expression

s=t K
(slszst .. sKN = exp (— / [r(s) + 3 ps) — Oty {pi})} ds)
s=0 i=1
where the riskless discounting term is now incorporated into the expectation
value of the survival probability, so that the par and ¢ values are just the
cash flows of the jth bond. See Appendix D for the full expression including
the method of calculating C¥({p;}; {p:}).
The recovery terms in the tranches are of the form
1
(). prstt L sNyrec = E(p} RS USN(By 4+ By Br)) i<k

t
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and each of these terms generates terms of the form

Py -0, s)By)
=((1—s))... (1 =sNpH =) (1= s5)s* T sNB) 1<z

t

which, in turn, generates terms of the form

2 K-1,Kp \N
(sls?s? ... sK'pKBy)

- / (B (u) — BY (1)) RK (1) exp (— f ) + FY ) ds) du,

=1 =t

Zp — CR({O"(9)): ('(s))),

FAl Zp — CL({A7(s)): (D' (9))).

The sum of all these terms with their weights gives the jth subtranche
Tr; of the actual CDO. Adding up these subtranches gives actual CDO
tranches. For example, an actual tranche might be backed by the last 10
percent to default on a pool of 100 bonds and its value will be the sum of
the first 10 subtranches. The form of the term C¥({p;(s)}; {pi(s)}) is detailed
in Appendix D.

Note last that CDO tranche issues are OTC (over-the-counter) and
generally all slightly different with set coupon payments for non-equity
tranches and coupon coverage requirements and various bells and whis-
tles that require specific tinkering with a model for each CDO and even
each tranche. Furthermore, synthetic CDO tranches are more like credit
default swaps. The machinery of the above calculation can be extended to
these cases.

The numerical implementation of this type of algorithm (and good
CDO tranche models generally) requires optimization and some serious
computing power. After all, there are 2N terms for a CDO with N bonds in
the pool. A simple optimization is to compute the terms in order of number
of bonds defaulting and track the contribution of the sums of these terms to
the tranche value and stop at some tranche evaluation accuracy level. This
effectively makes the higher credit quality tranches the same. This highlights
that the higher quality tranches are similar high investment grade and, as
the tranche level decreases, the credit quality suddenly drops off until the
equity tranche is very low-credit quality and near to the recovery value of
the entire pool.
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Exercises

Exercise 1 (Section 2.1)
If

whatis [*_ p(x)dx ? Then what is (x), (x?), and (exp(x))?

Exercise 2 (Section 2.1)

Show that the convolution of two Gaussian distributions,

is also a Gaussian.

Exercise 3 (Section 2.1)

Given the sets of random variables

139



140 EXERCISES AND SOLUTIONS

we are free to choose oy, o, and B so that
x1 = a1(z1 + Bz2) + 11,
Xy = oz(z1 — Bz2) + pa.
What are

<x1>s (Xz), (x%% (X%), (x%> - <x1>2a <x§> - <x2>23 01,02, <X1X2>, ,O>

Exercise 4 (Section 2.1)

Write out ay, a,, B as functions of i, iy, 01, 02, p, and vice versa, (L1, (2,
o1, 02, p as functions of oy, a,, B.

Exercise 5 (Section 2.1)

Write out the distribution function for p(xi, x,) dx; dx,. Hint: just a change
of variables from p(z1, z;) dz; dz,.

Exercise 6 (Section 2.2)

Does f(x, y) exist for the following? If so, what is it?

1. df = ysin(wxy) dx + y cos(wxy) dy.
2. df = ycos(wxy) dx + x cos(wxy) dy.

Reminder: Because

2f 0f
dxdy  0ydx’

then, for df = b(x,y)dx + g(x,y) dy, it must be true that

dh(x,y)  dglx,y)
dy  oax

This is the test of existence of f(x,y). If f exists then solve the following:

aof

a —h(xay)>
ad

_f Zg(an’)
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Exercise 7 (Section 3.1)

Find the mean and standard deviation of X if it is defined by the stochastic
integral

s=T
X = f £(s) ds + gls) dz(s)

where f(t) and g(¢) are arbitrary (nonstochastic) functions of time ¢ and
dz(¢) is a Wiener process.

Exercise 8 (Section 3.2)

Write out the distribution for X, and don’t forget the measure (volume
element).

Exercise 9 (Section 3.2)
Given a process for x,
dx = u(x,t)dt + o (x, ) dz(t),

consider the variable § = e*. Derive the process for S using Ito’s lemma.

Exercise 10 (Section 4.1)

Given a market with two drivers, dz;(¢) and dz,(t), investigate the general-
ization of the risk premium.

Exercise 11 (Section 4.2)

1. What is the probability that the stock ends up above strike for a call
option?

2. Where does this probability show up in the call expectation value
formula?

Exercise 12 (Section 5.1)
For the process
dS = Spo dt + Soq dz(t),

find functions f(T,Sy) that are solutions to the corresponding forward
Kolmogorov equation and that have the initial value §7 at time T =t¢.
Assume f(T, St) is of the form, f(T)S%, for n equals 1, 2 and 3.
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I
1 ook : Specified
Price !
12 | 4 Boundary
| Sample Path
I
I
11 I \ 1
S ' : Crossing
| )
10 : Point
I
I : Time
I I .
| ; '
Crossing Time for the
Start Time Sample Path Shown

FIGURE 12.1 For all paths beginning at So, what is the average (expectation) time
to cross a specified boundary?

Exercise 13 (Section 5.1)

1. Find functions f(z, S;) that are solutions to the backward Kolmogorov
equation and that have the initial value S% at time # = T. Assume
f(2,S,) is of the form, f(¢)S?, for n equals 1, 2, and 3.

2. Relate these six functions to the original process.

Exercise 14 (Section 5.1)

How would one calculate the expected time to cross an arbitrary bound-
ary, having started at S, as shown in Figure 12.1, that is, (T —¢) =
f(Ss; [boundary])?

Exercise 15 (Section 5.1)

How would one calculate the expected time for a path ending at Sy, to arrive
from a given stock price boundary, that is, (T — #) = f(St; [boundary])?

Exercise 16 (Section 5.2)

If the risk premium has a stochastic process, what is the effect on the
Black-Scholes pricing equation for call options?
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Exercise 17 (Section 5.2)

We have the formula for the expectation value of the hedging strategy.
(Hedging strategy) = E(payoff, = 0) — E(payoff,* = 0).

How would you calculate the variance of the hedging strategy?

Exercise 18 (Section 4.1, 5.2, 6.2, 6.3)

The result that an option price written as a function of stock price, C(S, t),
obeys a pricing equation very similar to that solved by a stock price written
as a function of a derivative price, S(C, t), was apparent in section 4.1 Risk
Premium Derivation and section 6.3 Black-Scholes Equation: Relation to
Risk Premium Definition. Make this argument.

Exercise 19 (Section 9.1)

Switch the following operator into coordinates (variables) so that the second
order term has a number not a function multiplying it:

O . o
ot T2 a2 "M )T

Exercise 20 (Section 9.2)

What is the Fourier transform of a put payout?

Exercise 21 (Section 9.2)

What is the Fourier transform of a put formula for all times?

Exercise 22 (Section 9.3.5)

If we use the European call option formula to price an American call option
by making the maturity a function of stock price and time T'(S, ¢), what is
the equation satisfied by this function?

Exercise 23 (Section 10.2)

For flat forward curves, credit curves, and recovery curves evaluate the
recovery term for a straight bond.
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Exercise 24 (Section 11.5)

Show that the correlated survival probability of K bonds—

(5185 ...s5x) N = exp (— / F%N) dt)

in a system of N (coincidentally) identical bonds with the same credit curves

¢ . . . . .
= and pairwise correlations p—is given by

(N-(N=-K)(1-a)f) ¢

R = ,
(1+(N-1)a) (1-R)

where « is given by

204 (N—2)a?
P= AT N—1)a



13

Solutions

Solution to Exercise 1
/ " playdx =1,
(x) = / " xplx) dx =0,

(x?) = / " plx)dx = 1,

0 1
(exp(x)) = / explx)p(x) dx = exp (5>

Observables will tend toward these numbers on average as the number
of observations goes to infinity. If X; is drawn from the distribution of x,

p(x), then
1 =N T
lim [N ;xi = (x) =0,
lim [l %X; =} =1,
N=eo N =1 l_

1 =N ] 1
1\111_{1010 |:N ;exp(Xi) = (exp(x)) = exp <z) .

Solutions to Exercises 2 through 5

1 x?
p(x) - «/E exp (_?> s

145
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1 2 py=co n )
() [ () on(5)
1 \?2 [r=x ey .
(o) [on (3 o)

1 \? [r=> 5
- (?) /y__w exp (—y2 - xz) dy
1\2 .
() oo (-5) [ ot
() e () [T (%)%
2 4 y=—00 2 ﬁ
() e (-5)Z
- 2w P 4 5
— 1 _ xZ )
i zmﬁ)zeXp( 227

The result is a Gaussian of width o = +/2 in the variable x.
First, based on

(21) =0, (22) = 0,(27) = 1,(x3) = 1, (1) = 0
we can assign expectation values of functions of zi, 2, very easily as follows:

(x1) = p1,

(x2) = pa,
(61 — 1)) = (1 + %),
note: (x%) = ((oy — 1)*) + /L%,
(2 = pa)*) = 031 + B%),

let oy =a;/14+p8% o =ayl+p%

C(x) = () (x) 187
a 010) B 1 + ,32 .
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We can see that the variables x;, x, are correlated, even though the
variables z;, 2, are not. These new variables (x;, x,) have means, standard
deviations and correlation of w1, ., 01, 0, and p, respectively. Inverting we
get the following;:

S A o7
1— 091 2 b}
1+p
Q) =0y Ts
1-p
B=\1"
+p

(z1,22) are distributed according to

2423
2

1
p(z1,22)dz1dz, = — exp (— ) dzidz,.
2

The variables (x;,x,), after a simple change of variables from (zy, z,),

become
) (252)]
o o)
) ()]
2T Zﬁ o (0%} ’
where oy, a, and B were given before and the only subtlety is the volume
element
(&) (@) 5 ((2)-(2)]
JR— _l’_ — J— J— J—
o [0%) 2 [25)
1 1
—anegs [-(3) (@) - (@) ()] -ty

which shows that the Jacobian is

|

dz1dZ2 =

N =

1 1

201008 010241 — pl.

(We can ignore an overall minus sign because we know probability
distributions always have a positive sign.)




148 EXERCISES AND SOLUTIONS

Finally

plxi, x2)dx dx, = dxldxz ! <x1 — ,u1>2
DR 2mo1054/1 - p?) (o5
. (XZ—M2> 2, <x1 —m) (xz—m)”
[ep) 01 02

Solution to Exercise 6

1. f(x,y) does not exist.
2. fx y _ smwxy)‘

Solution to Exercise 7

Use the expressions

(dz(t)) = 0,
(dz(t) dz(s)) = dtdsd(s — 1),

to evaluate

and

1= [ s [ s ]
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s=T u=T s=T u=T
=< ) f(s)ds ) f(u)du>+</_ g(s)dz(s)/_ f(u)du>
s=T u=T s=T u=T
([ roas [ atodstn) +{ [ ordet) [ gtu det)

s=T u=T s=T u=T
— | f&ds [ fu)du+ f gls)(dz(s)) [ Flu) du

S

=T u=T u=T s=T
[ psds [ gt + [ [ etoigudets et

s=T u=T u=T s=T
:/f f(s)ds f(u)du+/7 /7 g(s)g(u)8(s — u) ds du

([ s [

It follows that the mean and variance (standard deviation is the square
root of the variance) of the stochastic integral, for X, are

s=T
mean = (X) = / f(s)ds,

s=T
variance = (X?) — (X)? = f 2*(s) ds.
Solution to Exercise 8

X is normally distributed with mean and variance given above. We may
write a mean 0, variance 1, distribution as

2
p(z)dz = % exp (—%) dz,
s

which implies, under the variable change z = =%, that we get

1 _ 2
plx)dx = NorTs exp (— (xzal;) ) dx,

which is a mean u, variance o2 distribution. Thus the distribution for X
may be written
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1 X — p)?
p(X)dX = N <—%> dx,

s=T
== [ feds,

s=T

ol =(X*)— = f g’ (s)ds.

s=t

The whole analysis was made simple because f(¢) and g(¢) depended
only on time (and not on the stochastic value itself, X).

Solution to Exercise 9

The process for S is obtained by applying straight differential (form) analysis
plus the special “Ito’s lemma term” to get:

_ [aS(x) 1 92S(x)
dS_|: 0x dx 2 9x2

o?(x,1) dti|

x=InS$

=S <y,(ln S,t) + Cy(l%w) dt + So(In S, t) dz(t).

Solution to Exercise 10

Aside on Vector Analysis . If two vectors in three dimensional space are
given by @ = (a1,a,,a3) and b = (b4, by, b3), then the measure of whether
they are perpendicular is the dot product defined as

5'5 = a1b1 + 612[92 + 613173

and they are perpendicular if this has the value zero. Further two vectors, a
and b, may be combined to form a third vector, which is perpendicular to
them both, called the cross-product, that is

ax b= (ayby — asby,a3b, — arbs,a1b; — aby).
The two processes require three securities,

dSi = Sy dt + Si(o11 dzi (t) + 012 dzx (1)),
dS, = Sopa dt + Sy(021 dzi (t) + 022 d2o (1)),
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dSs = S3us dt + S3(031 dzi(t) + 03, dza (1)),
and we may then construct a portfolio
IT = AS1 4 ALS, + AsS;
and this results in a process for the portfolio

= Aq(Sypq dt + Si(011dz1(2) + 012d2,(1)))
+ Ax(Saptn dt + S3(021dz1(2) + 022d2(2)))
+ As(S3p3 dt + S3(031dz1(2) + 032d22(2))).
To make this process nonstochastic we require choosing the deltas so
that the coefficients of the two drivers are both zero independently:
A1S1011 + Ay8:001 + A3S303 =0,
A18101 + Ay8:02 + A3S303, = 0.
The solution to exercise 10 is that the “vector” (A;S;, A,S,, A3S;) must

be perpendicular to the “plane” defined by the two “vectors” (011, 021, 031)
and (012, 022, 032). This is solved by

SiA, 021032 — 022031
S$A, = | 012031 — 011032
S3A; 011022 — 012021

for any value o. Now, if the portfolio has no stochastic behavior, it means
that the drift term becomes equal to the riskless yield rate on the portfolio
minus stock borrow fees and so

WiS1AL + 2S00 + u3S3A5 =111 — 181 Ay — 128 A5 — 738347,
= (1 —7r+7r)S1A1+ (s =7+ 72)88, + (s — 7 +73)S3A4; = 0.

In turn, this formula means that the vector

(w1 =7 —=11)y (2 =7 —12), (U3 — 7 —13))
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is perpendicular to the vector (A;Si, A,S,, A3S3) and so must lie in the
plane defined by the two vectors above; (011, 021, 031) and (012, 022, 032).
Thus

(1 —r+711) = Mo + X012,

(o =74 12) = M021 + Xy00,

(U3 — 7+ 713) = A031 + Ay032,
which is the result that there is a universal market risk premium associated

with each driver and the securities’ individual “volatility” to that driver.
The result generalizes to an unlimited number of drivers.

Solution to Exercise 11
1. E(Sr > K) = [, P(z)dz = N(z)

where
In (%) —MT
K= — (=
VT

t=T
M= 2 <M(t) _ "(”2) dr,

T /o 2
1 t=T
¥ =_ o (1) dt,
T t=0
1 =x Z2>
N(x) = — exp| ——= | dz.
( ) A/ 2w z=—00 p( 2

2. This probability is the term that multiplies the strike in the expectation
value formula.

Solution to Exercise 12

Forward Kolmogorov equation as

9 Stol ¥ 9
— - _ —202)— 2 _ T)=0.
( 8T+ 2 %2 St(1o GO)BST—HUO MO))ﬂST: )=0
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The solutions are

exp(—(po — og (T — 1)),
Stexp(— (2o — 305)(T — 1)),
SZT exp(—(3uo — 6002)(T —1)).

Solution to Exercise 13

1. Backward Kolmogorov equation written as

9 S22 9
ot 2 9 as,

and has solutions expressed as
1,
S exp(uo(T — 1)),

2 og
S; exp (2 (,uo + 7) (T — t)) .

ad
— T Stﬂo_) f(Sla t) = Os

2. The backward Kolmogorov equation solutions describe the expected
future path of stock prices that start at S, at time #: the mean of these

paths for T > t is
(St) = S exp(uo(T — 1)),

and the standard deviation is

The forward Kolmogorov equation describes the paths that arrive at

the point S7 at time T as
exp(—(po — o (T — 1)),
Srexp(—(2po — 305 )(T — 1)),
§% exp(—(3p10 — 602)(T — 1))



154 EXERCISES AND SOLUTIONS

The first term implies the distribution is not correctly normalized
because the condition all past paths that arrive at St is not a complete
set on the probability measure (which is not surprising as many paths
miss St). The average value of these paths at some time ¢ for t < T,
is then

_ Srexp(—(2u0 — 303)(T = 1))

s,
e e T sy

= Srexp(—(po — 207 )(T — 1)).

The standard deviation is

\/ ($2) \/(SZTeXP(—(3Mo—60()2)(T—t))> exp(— (120 — o2)(T — 1))
(8.2 exp(—(1z0 — o) T — 1)) ) Syexp(—(2po — 302)(T — 1))

exp <%O’02(T — t)) .

Solution to Exercise 14

Given a boundary function S, = S§'(¢), solve the backward Kolmogorov
differential equation with the boundary condition that f(S;, #)|s,—s) = ¢ as

9 Sl 9
2 S f(S,,2) = 0.
<8t 2 a5 T ‘“Oasz>’(( 1)

Solution to Exercise 15

Given a boundary function Sy = §'(T), solve the forward Kolmogorov
differential equation with the boundary condition that f(S, T)|s—gymy = T as

9 Skl 9
oT 2 oSk

0
— Srlpo — 2002)

a5 o - Mo)) £(Sr,T) = 0.

Solution to Exercise 16

None! The stock-price process, and premium process may be written as

dS = Sudt + Sodz (t),
dx = A, dt + Ao, dza(t).



Solutions 155

The development of the pricing equation requires two instruments to
hedge with but the result (refer to Exercise 11’s solution) is that

(W —r+r)=2r0,
(U, — 7+ 1,) = Aoy,
(3 = 7+ 73) = AOoption—s + AM20option—1-

Because the call option has no part of its payout dependent on risk
premium, the risk premium, curvature terms may be dropped from the
pricing equation for call options and so, effectively,

Ooption—r = 0.

The result would be different for derivatives that have a payout depen-
dent on the risk premium at expiration.

Another way to see this is that the Black-Scholes pricing formulas for
calls and puts apply to all worlds with various values for the risk premium.
If the risk premium varies along a path it does not affect the option price
nor the hedging strategy and further, if we then average over many paths
there is still no effect on the option price.

Solution to Exercise 17

The variance of the hedging strategy exactly cancels the variance of the
expectation value. Because there is only one unique function that has the
variance of the expectation value at maturity, that is, square of the payout,
the expectation value of this function (the square of the payout) must be the
variance of the expectation value itself. So

(var(hedging strategy)) = E(payoff*, 1) — E(payoff, »)*.

Using a final payout f(S, T) = max((S — K),0), and a process dS =
S dt + So dzy(¢) solve:
(8 $20? 92

ad

where
t<Tand pu=rs—r +Aro.
Then

E(payoff’, »;t < T) = £(S,1).
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Solution to Exercise 18

The Risk Premium derivation of section 4.1 made no mention of which
security was the derivative and which was the underlying, only that the
market had one driver and some volatility and drift for each security. This
means that the final result holds for underlyings or derivatives symmetrically.
Section 6.3 Black-Scholes Equation: Relation to Risk Premium Definition
shows that the Black-Scholes equation is just the imposition of the constraint
of the definition of the market risk premium applying to the derivative as
well as the underlying. This whole derivation is then completely symmetric
and can be interpreted the other way around by switching the derivative
and the underlying, and their corresponding borrow rates.

Solution to Exercise 19

First, there is only one second-order derivative. So we look for the variable
change to make this into a straight second-order derivative. The easiest way
to do this, in fact, is to note that a stochastic process corresponds to this
equation as a backward Kolmogorov equation with a stochastic term of the
form

dS= ...+ So dz(z)
and this can be rewritten more simply (ignoring drift terms and Ito’s lemma
terms) by integrating
ds
So
to get a variable
1 1
x:/—dSN —1InS,
So o
S = exp(xo).

And then use this variable instead of S, by substituting into the differ-
ential equation,

0 aS a 0

%= 3x3s aexp(ox)ﬁ
d  exp(—ox) 9
S~ o ox

N 3> exp(—20x) 8  exp(—20x) 9
382 o2 3x? o dx’
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which we can then use in the equation operator, expressed as

3 S02 3 5
2 s ) (S, =0
(8t+ 2 9 TOMs r")ﬂ’)

a 19> po
—+-——+—— —7r5 ) Flx,2) =0
:>(82,‘+28x2 +08x 7’g;) x,1)

where

F(x> t) = f(S(x)9t)

Solution to Exercise 20

The Fourier transform of a put option payout is as follows:

x = In(S/K) + (7’5 — g — ;) (T —1),

Fulk) = J% [ ) exp(-ikr)
K[ . ,
= E - max(1 — e, 0) exp(—ikx) dx
= «/% ;(; (e* — 1) exp(—ikx) dx
K |:exp((l — ik)x) exp(—ikx)i|0
V2 1—ik —ik —

K 1 i
T Sar \1—ik k)’
The last step can be understood only by using the Lebesgue integral (see
section 2.3 Functional Analysis and Fourier Transforms), where we have to

introduce a regularizing function inside the integral to make the integrand
go to zero for large values of x. This function might be

(x) = exp (————
s _exp<(x+a><x—a>)

and then take the limit @ — oo after integrating. The result is the last
line above.
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Solution to Exercise 21

The Fourier transform of the Black-Scholes put option formula immediately
follows

I S okX(T — 1)

Solution to Exercise 22

First the European call option formula satisfies

( a S0 9?

d
_ _ - T.o% =
97 + 7 9s2 +S(7$ rS)BS 7‘3;) CE(Sa 1,0 ,7‘3;,7‘3) 03

and an American option, CA(S,t;T,02,7s, 7s), satisfies the same equation
below the stock price exercise boundary § = S, (¢). Thus writing

CA(Sa t; Ta 0—237$>7‘S) = CE(Sa L T(Sa t)a 0'2,7'$,7‘S).

Then
ATIC | o [, G IT | #C, (4T 1G0T
ot 0T 2 ST aS aT> \ aS oT 082
0Cg 0T
+ S(7$—75) {ﬁﬁ}) —0,

which implies

TS, T) =T
T(S,, ) = t,
T(0,t) =T,
S<S.(t)] 9T S*c*d*T oT oT
f T }:§+ 5 W—FS(m—rs—i—M)%-l- (85) =0,
where

9Ck
(S, t>_025—1 <8T>

SZO'Z 8 BCE
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Solution to Exercise 23

The Bond formula is given by

N _
ols)
= ;:c,-exp |:— /5:1 (r(s) + T R(s)) dsi|

T g(s)R(s) o (1)
* / =R P [_ / (7(“) 1o R<u>) d“} ds

The recovery term may then be broken down by interval

s=T =s
Recovery,(t) / — Z exp[ / <r(u) + ; f(l’:)(m) du:| ds

i=N

L2 gs)R(s) ()
=2 / 1—R(s) P [_ / (’(”) 1o R<u>> d”} s

=1

where the sum is taken over all the sections of the union of curve dates for
all the curves, and thus all the curves are flat over any interval.

Recovery.(t) Z/ 1¢i d -exp |:— /%:S (r(u) +1 ft?(u)) du] ds
=N 5=y

_ oiR; v=s o
B Z}L 1-R, P [_ /= <”' Tz R,) du
e ¢(u)
_/u=z (r(u)+ 1 —R(u)) du:| ds
3 a0
=2 exp [_ /u=t (r(u) 1o R(u)) d”]
=1

iR, §=ti ;
1 — Ri [:t,‘l eXp |:_ <ri + 1 - Rz) (S B ti_l)i| ds
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and so

i=N u=t;—1
; ¢(n) ) ]
R = - 1—Rlu) d
ecovery(t) ;:1 exp |: /u= (1’(14) + 1— R(u) u

T

S=t;

@i )
—\rit+ 75 Js—tic1)
HR; |e ( =k '

X
=R | )
! s=t;—1

=t

and we can perform this integral easily,

bi
i=N —\rit 7og; )ti—ti-1) | j=i-1
iR | 1— ( 1_R‘) ’
Recovery(t) = Z 1¢_ R ¢ ;
X i (1’1' + 1—_1R,)

=1

T
IR

exp [— <T/ +t1 (_ﬁjR_) (t — til)]

The second term is a discounting term and the first term is thus the
value of recovery over an interval where all the curves are flat; that is, the
expression is a present value on the first date of the interval. This is then
discounted to today and these contributions to the total recovery value are
then added up over all intervals.

The conclusion is that piecewise flat forward curves make the analysis
of recovery very tractable.

Solution to Exercise 24

First the variable change needs to be implemented and we know by symmetry
that all the as and ps are the same, that is

)N =[1+ (N - DalpAt,
Pip2)™ = [2a + (N — 2)e*|pAt,
P1p2 . )N = [ma™ ' + (N — m)a™|pAt.

Then we immediately find the variable change values,

_ _ 20 + (N — 2)a?
¢ =[1+(N-1)a]p, —ma
PN =1 T 41— p) = 2= p(N = 1)] b

== 2N-2) » PE AN 1)
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with the exception of the case for N = 2 for which

= N—m
(B +a)N ZN el " BN,

m=N-1 N'
_ N-1 * N-m—1
(Bal™ =NFT+ 2 Nom—nm® P
m=N N'
1 _ m—1 oN—m
(B+a) ;(N ey VLAY

and given that

(5185 ...sx)N = exp (— / EY dt) ,

m=K
F ==y > pipa - o)™
m=1 perms
m=K K'
— R Y m—1 _ m
= 3 e+ (N = mjap]

m=1

we find that the K identical bond correlated-default survival-probability is
given by

m=K
K!
F(N) — _ym—1 o™ 1 N o
‘ m:l( ) (K —m)tm — b= Z K m)lm! *p
m=K
K!
m—1 m—1
_“2(_) K—mm—-1" 7

— K(1 — )" = N[(1 — @) — 1] — aK(1 — a)¥"

(N-(N-K)(1-a)f) ¢

(N) _ _ _ _ K —
= Fi&=(N=(N=K)(1 —e)f)p = — TR

Consider that the K-bond correlated survival probability, {ss; . ..sg)™N,
is dependent on N in general. This is not surprising given the observation
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that while two bonds may have no intrinsic interaction (i.e., « = 0), because
both are correlated to a third bond, this gives them a correlation. Also
consider that for absolutely no correlation, p =0, we get the K-bond
conditional survival probability as expected

<5152 .. .SK)(N) = exp <_/ (1I<_¢R) dl’)

and for perfect correlation, p = 1, the conditional probability acts as a
single bond default probability, expressed as

(518 ...s)N = exp <—/ § fR) dt) = (s)™.




A

Gentral Limit Theorem-Plausibility
Argument

f a path begins at a point x, then the initial distribution over x is the Dirac
delta distribution, which means merely that the path has probability 1 of
being located exactly at the starting point, expressed as

plx;t=0) = 8(x — x).

Then use a square shock, meaning that the distribution is convoluted
with a square of width 2« and height 1/(2a),

1
5o —a = |x; — x| S«
Glxr, 227 AL) = { (2)0 otherwise

and the new distribution is then a square. Then convolute again and the
new distribution is a triangle,
x1=400
Glrxsi2at) = [ Gl MGl %1 At)d
x1=—00
5e — B 2w < (% —x1) < 20
otherwise

and so on. Now, in more general terms, let the shock be some function f(x),
not necessarily a square. Fourier transform the function to get f(p), and
expand it as follows:

f(p) = ayp exp(—ax(p — po)* +as(p —po)* +--)

about its maximum, at py. This expansion is meaningful as long as the
derivative of f(p) is zero and continuous at py and the second derivative of
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f(p) is continuous and negative (i.e., @, > 0). Then take the N-th power of
this, to get the Fourier transform of the operator that gives us the N-step
distribution:

FT[G(x1,%:: t, — t1)] = [f(p)IY
= a) exp(—aN(p — po)? +asN(p — po)® + - --).

Now the argument is that because the first term looks like the Fourier
transform of a Gaussian of standard deviation

£ =oVN=2aN,
and for a particular standard deviation, the first term has size
b —pol’%?
and we require the first term be small, 2 say, then
€
[0 — Dol < >

which means that the region of relevant p (i.e., Fourier modes) gets smaller
and smaller corresponding to a larger and larger standard deviation, but
also corresponding to a fixed dimension relative to the Gaussian. The second
term has size

Nela g’a
a;Nlp = pol’ < —5~ = (—j)

which implies that N can always be made large enough to suppress the
second term relative to the first, when we are looking at scales bigger than
1 standard deviation. The solution looks like the Fourier transform of a
Gaussian of standard deviation /24, N, in the large N limit.

Imposing the constraint that the expansion be well defined implies that
the second derivative of the Fourier transform near the maximum is defined,
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which is the same as saying (choosing py = 0), as follows:

d

d—pG(P)

/dec()()d 0
= —G(p)é(p)dp =0,
p=0 p=—00 dp

p=+o0 dz
- /pz_w 77 CP13lp)dp = —const

=

[ ) xG(x; t)dx = 0,

=—00

X=00
/ x*G(x; t) dx = const.
X=—00
That is, the variance is well defined. The choice p, = 0 corresponded to
a particular choice of x variables (i.e., nondrifting ones) and so, in general,
the central limit theorem works for distributions with well-defined norm,
mean, and standard deviation:

/ ) G(x; t)dx =1,

=—00

/ . xG(x; t)dx = x,

=—00

/ . (x —X)*G(x; t) dx = const.

=—00

Notes Relevant to Finance

1. The state density has to be 1, otherwise it shows up inside the expan-
sion, and then the result without the density function corresponds to a
different distribution. This different limiting distribution is none other
than a variable change of a normal distribution.

2. If the shocks are Gaussians, we may note that the sum of Gaussians
is a Gaussian. It is the only distribution, with defined variance, for
which this is true.

3. If the variance of the single shock is

/7 x*G(x; At) dx

=—00

(i.e., zero mean) then the variance of the limiting Gaussian is
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xX=00
N x*G(x; At) dx,
x=—00
that is, the standard deviation is preserved in this sense.
If there is a nonzero drift for each single step

/ xG(x; At) dx,
then |py| > 0 and this results in the Fourier modes being multiplied by
¢, But this in turn implies that the function mean is shifted. If the
single shock has a nonzero mean

f_ xG(x; At) dx,

=—00

then the limiting Gaussian has mean

N xG(x; At) dx.
The standard deviation of the Gaussian is still +/N times the shock
standard deviation.
Note that the square shock example given at the beginning of the
section requires that

o =0vV3At

to ensure the square distribution

1
50— = v — x| S
Glx1, 20 At) = { (Z)a otherwise

has standard deviation o +/At, and that it therefore tends to a Gaussian
of standard deviation o +/t as the number of steps gets very large.

. A class of distributions (often called fat-tailed) fall off as a power

of x, x% for 0 < A < 3. The standard deviation is not defined (it is
not finite). They do not produce exactly the same functional forms
over the entire range of the state-variable because the convolution is
repeated, but their tails do look similar as they propagate.

Levy distributions are a special class of these power law tail distri-
butions because they do produce convolutions that have the same
functional form as the individual shocks. They form the basis for a lot
of so-called fat-tail modeling in finance. The Cauchy-Levy distribution
is a special case of this class of distributions.



Solving for the Green's Function of
the Black-Scholes Equation

W e want to solve

BG(X — X0y — to) T o? 82G(x — X0, — to)
ot 2 dx?

= 5(1' — to)é(x — X()>.

We can set the reference coordinates to zero because they can be
added later by subtracting from the solution’s arguments. This is because
the differential equation does not contain any explicit functions of the
coordinates—that is, it is translation invarian. Thus

3G (x, 1) N 0'_2 32G(x, t)
ot 2 Ox?

— 5(1)8(x).
Take the 2-D Fourier transform of the equation, that is, (x, ) — (k, ®),
27,2
1
o’k G

(ka w) = >—

iwG(k,w) — 5 5

= Glko)=

Then

Gl 1) = % f f Gk, )™ dkdes
ko

1 ikx-+iot
SRR/
270 I o 2 (i — =2
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The residue theorem from complex analysis means that the result is
only nonzero for closing the integral over w in the lower half of the complex
w-plane. This happens only if ¢ < 0. Thus

—i f=tee ikx+o (k)¢
G(x,t) = ZH(_ﬂ/k e dk,

o’k?

w(k) = >

=—00

By completing the square (recalling ¢t < 0), we can factor out a function
of x and ¢ times an integral,

ix

o/—t
1 xZ z=+00 ZZ
= G(x,t) = H(_t)Zna\/—_t exp [202t:| /z}m exp <_E) dz

 Hi—s 1 x?
= (—)maﬁexp[zazt].

Finally substitute t — ¢t — T, and x — x — x7 to get

z=oky—t—

Glx,t: %0, T) = H(T — 1) (x — xr)° } .

o (T 1) ¥ [_ 204T —1)
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Expanding the von Neumann Stability
Mode for the Discretized
Black-Scholes Equation

From section 9.3.2 Gaussian Kurtosis (and Skew = 0), Faster Convergence,
'y T .
the von Neumann stability mode C;; = ¢ ae** is

Ci1j = exp(=r5At)(pjs1Cicr s + 0;Cicay + pim1Cicrja)s
Ax —Ax
pi-1 = (—C(GAX +e2 ,8) /det, Dir1 = (—(XeiAx + gTﬂ) /det,
pi=1—=Dpp1 —pi-1,
A
o = 2sinh(Ax)(e™*" — 1), B = 2sinh <7x> (e("2+2’5’7°“m’ —1),
det = 2sinh(2Ax) — 4 sinh(Ax);
= ¢ = exp(—rsAL)(p1€*5 + p; + pi1e M) = exp(—rs AL)Z.
Then using only the up and down probabilities,
Lo = Pjp1€ ™ + P+ pie ™ =14 (€™ — 1)
+p/‘_1(e_ikAx _ 1)

=1+ (pjs1 + pj—1)(cos(kAx) — 1) +i(pjs1 — pj—1) sin(kAx)
Piv1 + pjo1 = [-2sinh(2Ax)(e™* — 1) 4 2 sinh(Ax)

x (el F o)A _ )] —
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A
Divt — Piy = [4 sinh”(Ax)(e"#™ — 1) — 4 sinh” (%)

1

(02427 gope) AL
x (e 1) —.
( )i| det

Next, expanding in powers of Ax,

1 oAt
det = 28 + SAX oo, p=T
e X7 + 7 x° + P A
Ato? o?
Pit1 + Pj1 = Az \Tsbor + B At
AP ot
+ E <rszhort + 21’5;,0”0'2 + 7) +--,
At 5. AxAt o?
p/’+1 - ijl - m(zrshort — 0 ) + 3 Vshort + T
At o? N o? N
- Tshor e 5
Ax hort 4

(Pj+1 + bj-1)(cos(kAx) — 1)

—k2Ax? k> Ax?
= (pjr1 +pj-1) 7 1-— B + -
_ k0% At N ktot At? N ko2 N o? AP
- 2 48p ap "1

k*AL? o
_T (rszhort + 2'rshort(72 + 7) + .- ] ;

i(pj41 — Dj—1) sin(kAx)
3 kZA 2
=ipjis1 — Pj— )k Ax (1 — 6x + .. )

o’k AL
12p

2
+hAPc? <$ _ 1) <rsh(m + %) 4. i|

=i |:kAt(rshort - 02/2> - (rshort - 02/2>



Expanding the von Neumann Stability Mode

m

which, in turn, leads to

o’k* o?
ZO =14+~ 2 + ik Vshort — 7 At
N 1 [ o?k? ik o2\\ AP
2 2 1 Vshort 2
2

1/1 o2k2\* | o
EICED GO CR Y

2

2
+o2k? <3rs;,(,,t + %) +io’k <2r5hm + %)} AP + O(AP).



Multiple Bond Survival Prohabilities
Given Gorrelated Default Probability
Rates

et the survival probability of bond 1 be s; and the default probability be
p1At over a time period At, then

s;=1-— P1 At.
If we introduce the idea of an expectation probability for default, then

P =piAt,
(S]>(1) =5 =1 —P1At

where the superscript denotes the fact that the probability is in a system
with only one variable (bond).

We introduce correlation for a pair of bonds 1 and 2, by making
the double default pobability different to the product of the uncorrelated
probabilities by introducing a “mixing parameter” a;,,

(P1p2)? = (p1 AL) (P2 AL) + apa(p1 Atsy + sipaAt),
(P1)? = p1AL + apsipo AL,

This means that the probability of a double default is not the same as
the product of the probabilities of the separate defaults in a world where the
bonds are not correlated. We have related a world with correlation to one
without correlation. a, is itself a kind of probability. The probability that
the event counted by single default in the uncorrelated system actually results
in a double default in the correlated system. We have, in fact, performed a
variable change from an uncorrelated set of variables to a correlated set.
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It follows from the definition of correlation that

2 (P1p2)? — (1) P (p2)?
\/<P1>(2)(P2)(2)(51)(2)(52)(2)

P12 =

Expanding to lowest order in Az (and setting recovery rates to zero for
simplicity for the moment) we find that

(P1p2)? ~ an(pr + pa2)At,

)

(1) ~ (1 + anpr) At = ¢ At,

(p1)? & (pr + annp1) At = o At,
)

@ ap(pr +p2
2 Vo,

What is happening here is that a variable change from {¢1, ¢,, pﬁ’} to
{1, D2, 212} is occurring, expressed as

@1 =p1 +apps,
¢ = Py + anpi,

2 _ ap(p1 + p2)
N \/(Pl + appa)(p2 + anpi)
=
oy — Vbipapr
(¢1+ b2 — PINVG162)
_ $1 —ang,
h="0"a)
_ ¢ — a2y
P= ey

This enables us to construct the survival probabilities for a two-bond
system (denoted with the superscript) to first order:

(s1)? =1—¢1At,
()P =1—¢rAt,

(510 =1 —[p1 + p2]lAt =1 — [¢1 + ¢2 — P13V D1 ] AL
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and thus expressions for correlated survival probabilities over finite times (¢

to T say),

s=T s=T
(51>(2) = eXp <_/ ¢1(5)d5) 5 (52)(2) = exXp <—/ ¢2(5)d5> 5
T

(s152)? = exp <— /_ [f2(s) + pi(s) — 5 (s)y ¢1(5>¢2(5)]d5> .

Moving to a three-bond system: note that even if oy, = 0 the variables
1 and 2 are correlated. Counting all the outcomes using

1 =pipaps + s1paps + p1$aDs + PiD2S3
+ P15285 + S1P283 + S185203 + $18283,

we find that

(P = [p1 + aiasipass + aizsisaps ]| At
+ (12 4 013 — ae13)s1paps AL,
(P1p2)") = [anapisass + apsipass + axsaizsisrps] At
+ [p1p2 + (a2 + @13 — @poas)sipaps
+ (12 + 023 — apa23)pr1saps | AL

Thus

PV (01) 8 (92)3(s1)P (52)3) = (p1pa) sy — (1) (p2) )

and if we set oy, = 0 then we find, even to first order in default, that

PV (1) 3 (D2) B (s1)B)(s,)) # 0.

The conclusion is that we have to be very careful relating the as to the
correlation parameters.



Multiple Bond Survival Probabilities Given Correlated Default Probability Rates 175

To first order in default, that is, Az, we find that

(1) = (p1 + anps + aisps) At = ¢ AL,
(P2)") = (P2 4+ @napr + aasps) At = At
() = (s + aispr + aaspa) At = $3At,
(D102)") = (ana(p1 + pa) + arsar3ps) A,
(D1p203)) = (@aispr + anosps + aensps) At,

,0(3) _ (or12(p1 + p2) + cazi3ps)
2 N P192

Again, the reality is that we are implementing a variable change

from correlated variables {¢;, ¢, ¢3, pg), ,og), ,0(2?} to uncorrelated variables

{1502, 35 ag), ai‘?, aé‘?}, expressed as

$1 = p1 +anps +aps,

¢y = anpr + P2 + aps,

#3 = aizp1 + axpy + P
PN 12 = ana(p1 + pa) + ersaasps,
PRV $2¢s = crs(p2 + p3) + cnaispi,
PV B1¢3 = ar3(p1 + Ps3) + arsaiapa.

Reversing this we find that

¢1(1 - 05%3) — ¢a(a1n — an303) — P3(ans — oa30r2)

pl - (1 — af; — afz — a§3 + 2.(1236!120[13) ’
Dy = —¢i(an — ar3003) + ¢a(1 — 05%3) — ¢33 — ag30012)
2 = )
(1 —af; —af, — a3; + 20030015013)
by = —a(aas — ap0r3) — Prlans — apea3) + ¢3(1 — o)
3= .

2 2 2
(1 —ag3 —afy —ay; + 2a301013)

The expression for the «;’s is complicated, particularly by being non-
linear, but it is solvable up to (N — 1) parameters for each «;, namely,
N(N — 1)(N — 1)/2 parameters in total, which correspond to angles on
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a sphere in p-space because each of the N(N — 1)/2 correlation-defining
equations describes an elliptical surface in that space.
This leads to the evaluation of the default and survival probabilities as

functions of the input variables:

(s)? =1—¢1At,

()% =1-gAt,

()% =1—¢s5At,

(s150)¥ =1~ [¢p1 + ¢ — \/¢1¢2,012]At
(s1283)% = 1 — [1 + ¢ + s — /10021

— V0305 — Vo130l +

The extra terms are not easily writable in terms of the input variables,
but their value is well defined:
@1 = p1 +appr + agzps,
¢2 = P2 +appi + axsps,
@3 = p3 +apr + anps;
P12y P192 = ara(p1 + p2) + azzaisps,
023y P23 = a3(pa + P3) + apotizpa,
P13/ P193 = a13(p1 + P3) + appanspa;
P1)? = (p1 + anpr + ai3ps) At = ¢y At,
(P102) = (@12 (p1 + P2) + ca3a13p3) At = pray/dia Aty
(P1p203)) = (p@i3p1 + @3y + agzansps) At
Once more the first six equations determine the {p;} and {e;} variables
as functions of the input variables {¢;} and {p;} and thus the term (pp,p3)©

is expressible as a function of the input variables.
We can now easily extend the analysis to N bonds as

j=N
¢ =pi + Z %iDjs

J#i
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1 k=N
(N)

P = ——=— | ailpi+p;)+ ) arctpps
j /—¢i¢/ j i ; j

k#ij

which when inverted gives the {p;} and {«;} variables as functions of the
input variables {¢;} and {p;} and then

=N
PN = DAL+ ) AL

=1
J#i

k=N
o)™ ~ | ay(pi+ b))+ Y cncppr | AL,
k=1
ket
P1paps - - p)N & (o013 . @11 AL+ [@12003004 - . . 0 P2 AL
+ o [0 - - L1y | P AL

+ Z [otkaotiptic - - - kP AL,
ké{a,b,c...,m}

which enables us to value the correlated survival probabilities as follows:

s=T
(518253 ..., )N = exp (— / FZ(S)dS) s

EX(e) = [(pa™ — (0ip)™ + (pip;pi)™
o pipa o)V

sum over permsfiyj,k..,m}

Note
j=N
INGES Y
j=1

So the algorithm for calculating correlated survival probabilities is: Use
the input variables (curves) ¢;(z), p}/N)(t) to find the uncorrelated variables
pi(1), aﬁfm(t); then use these variables to find the F curve using the formula

above.
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Abramowitz, Milton, 178

American boundary (free boundary),
97-98

American exercise, 97-100

American option, 158

American-style exercise, 117

American-style option, 4

Analytic bond call option, 74-75

Analytic formula. See European option

Analytic zero-coupon bond valuation,
73-74

Arbitrage freedom, 77

Arbitrage-free value, 113

ATM. See At-the-money

At-the-market CDS, 111

At-the-money (ATM) index options,
122

Average annualized volatility, 41

B

Backward Kolmogorov equation,
43-46
solution, 52, 142, 153
type, 51-53
writing, 153
Barone-Adesi, G., 178
Black-Scholes call option formula,
Fourier transform, 84
Black-Scholes derivation, 49-50

Index

Black-Scholes equation, 51-53

analytical solution, 81-84

application. See Currency options

derivation, 46-48

discussion, 81

financial interpretation, 48

Green’s function, solving, 167-168

index borrow inputs, 122

numeric solution, 84-104

regaining, 61

relationship. See Risk-neutral pricing;
Risk premium

rewriting, 84-85

solutions, 97, 117
alternative, 52

transformation, 60-61

understanding, 51

usage, 48. See also Martingale;
Options

values, 99

volatility inputs, 121

von Neumann stability mode,
expansion. See Discretized
Black-Scholes equation

Black-Scholes formula, 5

assumptions, 6
modifications, 7
rewriting, 60
usage, 123-124

Black-Scholes option pricing formulae,

51-52
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Index

Black-Scholes put option formula,
Fourier transform, 158
Bond call option. See Analytic bond call
option
Bond price
changes, 71
inputs, 73
Bonds
correlated-default survival
probability, 161
default, 125
defaulting, probability, 128
fair price, 111
formula, 159
motion, equations, 111-112
notional, 112
par, 126
probability, 132
recovery value, 127, 131
survival, 125
probabilities, 144. See also
Multiple bond survival
probabilities
valuation. See Analytic zero-coupon
bond valuation
continuous CDS curve, usage,
110-111
volatility, 72
Borrow rate. See Instantaneous riskless
borrow rate
Boundary conditions, 45, 79-81
impact, 83
implicitness, 84
intermediate times, 82
Boundary function, 154
Boundary value, 80
Brownian motion, 28
annual variance, 29
process. See Generalized Brownian
motion process
Bucket. See Valuation date bucket
Bucketing. See Duration bucketing

Butterflies, 120

C

Calibration. See Model
advice, 96
requirements, 114
Call bump, 118
Call expectation value expression, 45
Call option. See European equity call
option
Black-Scholes pricing equation, 142
expectation value, 45
price, 74
value, 5, 75
Call/put options, 94-95
Call value, 117
Cash flows
deltas, 64
discrete number, 109
Cauchy-Levy distribution, 166
Cauchy problem, 81
CDO. See Collateralized debt obligation
CDS. See Credit default swap
Central limit theorem. See Normal limit
theorem
plausibility argument, 163-166
Coincident survival probability, 133
Collateralized debt obligation (CDO),
124-135
backing
bonds (arbitrary number), impact,
133-135
three bonds, impact, 126-133
pricing, 124
trading, 128
tranches, 133-134
issues. See Over-the-counter CDO
tranche issues sub
models, 135
Contingent claim, 4
Continuous CDS curve, 105-110
usage. See Bond valuation
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Continuous payout, consideration, 105
Convergence
acceleration, 90-94
forcing, 90
Conversion price. See Forward
conversion price
Conversion ratio (CR), 114
Convertible bond (CB), 64, 114-119
Convolution, 82. See also Gaussian
distribution
production, 166
Corporate dollars, 116
Correlated default probability rates,
172-177
Correlated survival probabilities, 177
expressions, 174
Correlation, 21-23. See also
Multivariable correlations; Path
changes, 100-104
trading. See Credit correlation; Equity
Correlation-defining equations, 176
Coupon deltas, 64
Courant, Richard, 81, 178
CR. See Conversion ratio
Credit correlation, trading, 124-135
Credit-default put options, 6
Credit default swap (CDS), 105-110.
See also At-the-market CDS
cash flows, 106, 108
contract, 110
curve, 110. See also Continuous CDS
curve
equations, 111-112
instantaneous premium, payment,
111-112
market
recovery values, 118
valuation, 119
notional. See One-to-one CDS
notional
trade, 115
unwind, 107

Credit spreads, 105

Crossing time, 142

Cumulative norm functions, 40

Currency options, Black-Scholes
equation (application), 55-57

Curvature term, 115

D

Default, 112-114
combinations, 134
event, 105
expectation probability, 172
probability
evaluation. See Simultaneous
default probability sub
rates. See Correlated default
probability rates sub
Default probability rate, independence,
130
Default-riskless zero, 113
Delta. See Cash flows; Dirac delta
continuousness, 98
re-hedging, 48
usage, 121
Dependence. See Interest rate
Derivation. See Black-Scholes
derivation; Hull-White model
derivation; Risk premium
Derivative modeling
methods, 6-7
techniques, 3
Derivatives. See Interest rate; Stock
option
Black-Scholes equation, usage. See
Options
definition, 3-35
models, 3—-10
note, 5
riskless portfolio, construction, 101
volatility, 55
Desk quantitative analyst (desk-quant),
3
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Index

Differential equation, 79, 167
formalism, 43
solutions, 79-81
Differential forms, 26
Dirac delta, 16, 82
correspondence, 18
distribution, 165
schematic plots, 19
Discount factor, addition, 39
Discounting term, 160
Discrete coordinate, occurrence
(probability), 11
Discretized Black-Scholes equation, von
Neumann stability mode
(expansion), 169-171
Dispersion trading, 122
Distributions, 16. See also Stock
distribution
defining, 17
functions, 140
Dividend ex-date, 96
Double default, 172
Drift. See Process
term, fixing, 115
Duffie, Darrell, 178
Duration bucketing, 65-67
Dynamic hedging strategy, 54

E

Elliptic differential equations, 79—80
Embedded stock, 96
End-points. See Path
Equity
correlation, trading, 119-124
dividends. See Underlying equity
tranche, 125
Euler’s relation, 62-63
Euro call option, trading, 56—57
Euro interest rate curves, 55
European call options
analytic expression, 74
formula, 143

satisfaction, 158
European equity call option, 39
European exercise, 97
European option, 59
expected payoff, analytic formula,
39-42
Exchangeable bonds, 114
Exercise, 4
Existence, test, 140
Expectation
payoff, 53. See also Options
value, 8, 28, 126-127. See also
Volatility
Expected payoff, analytic formula. See
European option
Expiration date, 4
Explicit/implicit methods, 84-90
Explicit methods, 85

F

Fat-tailed distribution, 166
Finance
fat-tail modeling, 166
notes, 165-166
stochastic calculus, applications, 37
Financial interpretation, 21
Financing, 56-57
costs. See Risk-free financing costs
Finite difference methods, 84-90
First approximation, 7
First-order rates
dependence, replication, 64
sensitivity, 66—67
Fokker-Planck equation, 43-44
Formalism. See Differential equation;
Stochastic processes formalism
construction, 31
1-forms. See One-forms
2-forms. See Two-forms
Forward conversion price, 116
Forward curve short rate process
model, 73-74
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Forward curve value
equation, 74
rewriting, 70
Forward curve volatility, writing, 71
Forward exchange rate, 116
Forward Kolmogorov equation, 43-46
correspondence, 141
path description, 153
solution, 152-153
Forward price, 53
matching, 52
Fourier modes, 164
Fourier transforms, 16-18. See also
Black-Scholes call option formula;
Black-Scholes put option formula;
One-dimensional Fourier transform
behavior, 95
distribution, 17
usage, 94. See also Put formula
Free boundary. See American boundary
problem, 97
Full stochastic rates model, 49
Functional analysis, 16—18
Fungible, term (usage), 37

G

Gamma discontinuity, 99
Gapping down, 96
Gaussian copula model, 124-125
Gaussian distributed variables. See
Uncorrelated Gaussian distributed
variables
Gaussian distribution, 12-13
convolution, 139
usage. See Uncorrelated variables
Gaussian kurtosis, 90-94, 103, 169
Gaussian process, terminal distribution,
39-40
Gaussian shocks, 165
Gaussian skew, 103
Gaussian sum, 19-20
Gaussian width, 146

Generalized Brownian motion process,
68-69

Green’s functions, 81-82

definition, 82

solving. See Black-Scholes equation
Grid point shift factor, usage, 94-95
Grid-spacing, 87
Grid time-steps, 85-87
Gross domestic price (GDP), 62

H

Heat equation, 79-80
analytic solution, 81-84
Heath-Jarrow-Morton (HJM)
framework, 112
Heath-Jarrow-Morton (HJM) model,
76-78
input, 77
Hedge. See Linear hedge
combination, 62
Hedging. See Interest rate;
Term-structured rates hedging
instruments, 65
usage, algorithm, 67
strategy, 143, 155. See also Dynamic
hedging strategy
expectation value, 143
usage, 56-57
Hidden symmetries, 55-61
Higher-priced option package,
reduction, 63
Hilbert, David, 81, 178
Historical volatility. See N-day
historical volatility; Security
calculators, 96
HJM. See Heath-Jarrow-Morton
Hold value, 97
Hull, John C., 178
Hull-White model derivation, 68-75
Hyperbolic differential equations,
79-81
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I

Implicit methods, 85. See also
Explicit/implicit methods
Increments. See Stochastic increments
probability distribution, 28
Index borrow inputs. See Black-Scholes
equation
Index components, 122
Index distribution, 119
Index implied volatility, ratio, 122
Index options, single name options
(contrast), 119-122
Ingersoll, Jonathan E., 179
Initial distribution. See Path
Input variables, 176
Instantaneous forward curve, 68
Instantaneous P&L, 49
Instantaneous risk, measurement, 49
Instantaneous riskless borrow
rate, 112
Integrated survival probabilities,
correlation, 130
Interest rate. See Riskless interest
rate
dependence, 63-65
derivatives, 68
arbitrage-free pricing, 7678
hedging, 62
interpretation, 47
swap prices, 107
Intrinsic value, 4
Issuer options, 118
Ito’s lemma, 30-33
impact, 33
relationship, 32
usage, 31, 54. See Process

J

Jacobian function, 12. See also
n-dimensional Jacobian
functions

K

Kolmogorov equations. See Backward
Kolmogorov equation; Forward
Kolmogorov equation

Kurtosis. See Gaussian kurtosis

inclusion, 91

L

Laplace equation, 79-80

Lebesgue integration, 16
requirement, 17

Limiting Gaussian, variance, 165-166

Linear hedge, 66

Log index, time plots (contrast), 9

Lognornal index distribution, 119

Lognornal process. See Stock price

Lognornal stock price process, 39

Lognornal terminal stock price

distribution, 87

Long, finance term, 37

Long dollars, 56

Long position, usage, 48

M

Market risk premium, value, 75
Markovian process, 31
Martingale
construction, 34
introduction, 58
obtaining, 33-34
variables, Black-Scholes equation
(relationship), 57-59
volatility, 49
Mathematical tools, 11
Maturity
date, §
dollars, 51
zero-coupon date, 76
Mean, determination, 141
Mean zero, random distribution, 27
Mixing parameter, introduction, 172
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Modeling exercises, 139-144
solutions, 145-162
Models, 112
calibration, 75
definition, 5-6
Moments, redundancy, 102
Money market account, value, 76
Monte Carlo methods, usage, 78
Multiple bond survival probabilities,
172-177
Multiple variables, functions, 23-26
Multivariable correlations, 35-36
Mutual dependence, 129

N

n-bond conditional survival probability,
162

n-day historical volatility, 9

n defaults, permutations, 132

n-dimensional Jacobian functions,
14-16

Negative interest rates, implication, 72

Net long cash value, financing, 48

n-form algebra, 14-16

Nondefaulting bonds, manipulation,
132

Nondefault scenario, 112

Nondrifting variables, solution. See
Uncorrelated nondrifting variables

Nonstochastic drift, 7

Nonstochastic process, 151

Normal limit theorem (central limit
theorem), 18-19

Normal returns, usage, 8—10

n stocks, max, 122-124

nth hedging instrument, 66

@)

One-dimensional Fourier transform, 83

One-dimensional random walk, 18

One-form algebra (1-form algebra),
usage, 23

One-forms (1-forms), 14
One-to-one CDS notional, 112
Operator
Fourier transform, 164
notation, 60
Option price
change, 48
derivative, stock (Black-Scholes
equation usage), 59-61
writing, 143
Options
cheapness, 47
contrast. See Index options
expectation payoff, 41-42
premium decay, 46
sensitivity, 63
Over-the-counter (OTC) CDO tranche
issues, 135

P

Parabolic differential equations, 79-81
Parity, 97
Partial differential equation (PDE), 10
Path
correlation, 36
end-points, 35
initial distribution, 19
plot, 25
shock distribution, 19
standard deviations, 36
value. See Stock price
Path integrals, 23-26
Payoff, Fourier transform, 95
Payout
function, Fourier components, 86
multiplication, 86
square, 155
values, 109
weighted sum, 127
PDE. See Partial differential equation
P&L. See Profit and Loss
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Portfolio. See Risk-free portfolio;
Riskless portfolio
construction, 37, 151
rates exposure, 66
variance, 47
Predictive modeling requirements, 114
Present value (PV), 54. See also Strike
display, 65-66
Preset strike, 4
Price processes, 7
Pricing differential equation, 73
Pricing equation, 68-72, 112, 114-115
development, 157
Probability distributions, 11-14. See
also Increments
positive sign, 147
Process
derivation, Ito’s lemma (usage), 141
drift, 89
equation, 6872
securities, requirement, 150-151
Profit and Loss (P&L), 48-49. See also
Instantaneous P& L
Provisional calls, modeling, 118
Put formula, Fourier transform (usage),
143
Put options. See Call/put options
expectation value, 45
payout, Fourier transform, 157
PV. See Present value

R

Random distribution. See Mean zero
Randomly distributed variables, 23
Random variables, sets, 139
Random walks, 19-21. See also
One-dimensional random walk
Recovery
rates, setting, 173
terms, 135. See also Tranches
solutions, 159
value. See Bonds

Regularizing function, 157
Residue theorem, 168
Riemann integral, 16
Risk-free financing costs, 38
Risk-free portfolio, 38
Riskless currency, 116, 118
Riskless interest rate, 5
curve, 126
Risk-less overnight rate, 69
Riskless par, maximization, 117
Riskless portfolio, 48
Riskless short-term borrow, 66
Riskless zero-coupon bond, 112, 113
Risk-neutral pricing, 42, 46-48
Black-Scholes equation, relationship,
53-54
derivations, 68
Risk premium, 53. See also Universal
risk premium
curvature, 155
definition, Black-Scholes equation
(relationship), 54-55
derivation, 37-38, 156
Risks, 48-50
price, 37

S

Scalars, expression, 15
Second-order curvature term,
coefficient, 45-46
Second-order derivative, 156
term, 30
Second-order differential equations, 79
Second-order term, 59
number, 143
Security. See Underlying security
historical volatility, 8
process, 8—10, 31
terminal value, 123
Shock distribution. See Path
Short, finance term, 37
Short euros, 56
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Short position, usage, 48
Short rate
constant volatility, 74
writing, 71
Short rate process, 71
Short stock, 96
Simultaneous default probability,
evaluation, 129-130
Single name options, contrast. See Index
options
Skew, 90-94. See also Gaussian skew
inclusion, 91
Space-step size
accuracy, 93
adjustment, 91
S&P100 one-month
stock-option-implied volatilities,
123
Spot rate process, 70
simplification, 78
Square shock, 163
example, 166
Standard deviation, 27. See also Path
determination, 141
equation, 29, 154
Gaussian, 164
Fourier transform, 164
suppression, 74
State-density function, 12
State variable, distribution, 8
Steady-state solution, 99
determination, 100
Steady-state temperature distribution,
80
Stegun, Irene A., 178
Stochastic calculus, 27
applications. See Finance
Stochastic increments, 28
Stochastic integral, 76
mean/variance, 149
Stochastic-ness, 29
Stochastic processes formalism, 43

Stochastic rates, 112-114
Stochastic value, 150
Stock borrow fees, 151
Stock distribution, 19
Stock loan, 38
Stock option, derivative, 3—4
Stock price
assumptions, 6
boundary, 142
changes
distribution, 6
second moment, 52
distribution. See Lognornal terminal
stock price distribution
drift, 89
exercise boundary, 158
lognormal process, 32
path, value, 39
process, 57, 154-155. See also
Lognornal stock price process
returns, 6, 35
model, 101
return space, moments, 88
space, 85
Stock returns, distribution, 87
Straight bond
recovery term, 143
specifications, 114
Strike. See Preset strike
options, 34
price, 4
PV, 62
temperature kink, 46
zero price, 58
Survival default, 134
Survival probabilities, 107. See also
Bonds; Coincident survival
probability; Multiple bond survival
probabilities; 7z-bond conditional
survival probability
construction, 173
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correlation. See Integrated survival
probabilities
expansion, 129
expressions. See Correlated survival
probabilities
product, 127, 130
Swap maturity, 109
Symmetries. See Hidden symmetries

T

Taylor expansion, first order, 30
Tear-up value, 107
Terminal distribution, 104
Terminal option value, 45
Terminal price distribution, 81-82
Terminal stock price distribution. See
Lognornal terminal stock price
distribution
Term-structured rates hedging, 65-67
Theoretical value (TV), 119
Theta, 111
Three-bond system, 174
Three-dimensional space, 150
Time plots, contrast. See Log index
Time-step, 85, 86, 93. See also Grid
time-steps
Toxic waste, 125
Toy model, 125
Trade date, 4
Trading strategies, 48—-50
Tranches, 127
casting, 134-135
par term, 135
possibility, 133
recovery terms, 135
second term, 131
TV. See Theoretical value
Two-dimensional Fourier transform,
167
Two-dimensional models, 100-104
Two-dimensional volume elements, 16
Two-forms (2-forms), 15

Two-state system, 127

U

Uncorrelated Gaussian distributed
variables, 36
Uncorrelated nondrifting variables,
solution, 102
Uncorrelated variables, 175, 177
Gaussian distribution, usage, 22
Underlying equity, dividends, 96
Underlying security, 4
Unit step function, 82
usage, 94
Universal risk premium, 37
Up/down probabilities, usage, 169

\%

Valuation date bucket, 65
Variable changes, 40, 100-104
necessity, 160
Variable choice, 84-90
Variables. See Randomly distributed
variables
change, 147
functions. See Multiple variables
separation, 8§3—-84
Variance
defining, 165
distribution, 149
Vector analysis, 150-152
Vega
measurement, 48
usage, 49
Volatility. See Average annualized
volatility; Bonds; Derivatives;
Historical volatility
expectation value, 53
inputs. See Black-Scholes equation
measurement, 53
reinterpretation, 50
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spread, 50 Y

term structure, 70, 72 ld A
variation, 120 Yield-to-maturity, 47-48

writing. See Forward curve
volatility Z
von Neumann stability mode, 169 Zero-coupon bonds. See Riskless
analysis, 90 zero-coupon bond
expansion. See Discretized difference, 64
Black-Scholes equation number, 57
portfolio, 65
W equivalence, 65
prices, 77

Wave equations, 79-80

Whaley, R.E., 178

Wiener process, 27-29
definition, 30
independence, 35, 76, 100
introduction, 69-70
usage, 29, 37, 69

processes, 77
trading, 77
valuation. See Analytic zero-coupon
bond valuation
Zero deltas, 64
Zero drift, 33
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